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Abstract—In this paper, we study the spectral analysis of a
non-stationary Symmetric a-Stable (S.a.S) signals, 1<a<2.
This approach consists of constructing an evolutionary
spectral measure by analogy to that defined in the spectral
theory of second-order processes. The goal of this work is to
define the evolutionary spectral density, by considering the
class of oscillatory signals (S.a.S). Since, we give an
asymptotic unbiased estimator of this density and we show
that the variance of this estimator converges to zero.
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I. INTRODUCTION

Stable alpha signals have attracted more and more
attention in recent decades. In particular, harmonizable
processes (SaS) and their properties have been the subject
of several studies such as [1-10]. The applications of
stable symmetric processes are numerous in diverse fields.
We cite here only a few specialties: signal and image
processing, communications and radars, economics,
electronic applications, hydrology, ... see [11-26].

The definition of the spectral density of alpha stable
signals and its estimations in different cases have been
studied in many papers [27-31].

In this paper, we consider ( Q ,F,P) the probability space
and L°(Q) the set of real random variables defined on this
space. (E,B(E), m) being the measurable space with
measure m, and the subset of E of finite m-measure : E; =
{A € E:m(A) < }.

An independently scattered o-additive set function

M:E, - L°(Q)

such that for each A € E;,, M(A) designates a symmetric
a-stable random measure defined on (E, B(E)).

The measure defined on E;, by m(4)=
[M(A), M(A)],represents the control measure of M. In
this paper we consider that E = R and B(E) = B(R) ( the
borel set).
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A random measure M SasS has rotationally invariant (or
isotropic) increments if the distribution of {eieM (A),A €
EO}, does not depend on 6.

We consider the class of oscillatory process (S.a.S)
defined on a family R of real functions {¢;(w)}depending
on the instant t, such that the process X admits the
following integral representation:

Xt = [ gi(w)dM (w). (1)

where M is a complex-valued random measure and
symmetric alpha stable. Their increments are independent
and isotropic.

Suppose that, the function ¢.(w) is defined as an
oscillatory function:

pe(w) = eitht((D),

where
A(@) = [ " dK,(6). @)
The integral representation considered by Masry and
Cambanis in [4], X(t) = f_Jr;o e!“t dM(w), is a particular
case where A;(.) = 1 forall t.
As in [32-35], we define, for the family R the function
By (w) by

By(w) = [ 16]1dK,, (6)]. 3)

As [32], we qualify the family R of oscillatory
functions as semi-stationary if the function Bk(w) is
bounded whatever m, and we define the characteristic
width of the family R by the following constant

By = [supBa(e)| @)

Assuming that A () € L,(m),
(i.e. [ |A;(x)|*dm(x) < ) in this case and from the
properties of the covariation [1, 4], we have

[X(©,X()]a = [ pe(@)(@s(@)=*"Zdm(w). (5
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For s = t we may write

R() = [X(©), X(D)] = f 14, ()| “dm(w)

R cannot be interpreted as the total energy like in the
case of the second-order process but by analogy, we can
see R as the sum of components |4, (w)|*dm(w) forming
the contribution from the frequency w carried by the
process at time t.

As in [37] for the second order process, where he
defined the evolutionary spectral measure from the
variance, we consider the measure

dH () = |A¢(w)|*dm(w) (6)

as the evolutionary spectral measure at time t according to
the family R = {¢,(w)}, = {4, (w)}.

As in the paper [33], we can give an interpretation of
oscillatory processes under the aspect of time-dependent
filters when we suppose that A;(w) is Fourier transform of

[ee)

a filter h, : A;(w) = [__ e™*g, (Wdu. From (1), we
obtain  X(t) = f_t: Le_y(w)g,(w)du  with L, =
JZ el dM(w).

Thus, X(t) can be interpreted as the transformation of a
stationary alpha stable signal by a time-varying filter g,.
Thus, the evolutionary spectrum at time t,
|A;(w)|*dm(w), can be seen as the spectrum of a
stationary alpha stable signal (in the sense defined in [4])
where the filter g, is fixed representing its state at time t.

It is now necessary to “standardize” the functions A4, (w)
so that, for all w, we suppose that Ay(w) = 1. This
condition allows dm(w) represent the evolutionary

spectrum at time t = 0. Assume that f:: |[dK,(0)| =1

and suppose that measure m(w) is absolutely continuous
with respect to Lebesgue measure. We obtain

dH(w) = hy(w)dw (7

h¢(w) is called the “evolutionary spectral density”.

The organization of this paper is subject to the following
plan: the section II considers the definition of a
periodogram by observing the process X on the interval
[0, T]. Afterwards we introduce the modified periodogram,

Iir(w) = Ca,p|ItVT(w)|p, with 0 < p < % We prove that

the modified periodogram is an estimator of {ht(w)}g and
it is asymptotically unbiased but it is not consistent. In the
section III, we give an estimator by smoothing the
modified periodogram using a spectral window Wy (t).
We show that the smoothed estimate ft,T (w) is

p
asymptotically unbiased and consistent of {h;(w)}= .
Finally, we show the convergence in mean quadratic of the

frr(w) to {h, (a))}gand the convergence in probability of
the (for(@))? to hy(w).

II. THE PERIODOGRAM

Given a sample record of {X(¢)}, for 0 <t <T. We
consider the following periodogam:

Iyt (w) =

t+T

Re [~ gar(WX(t — wexp(—iw{t — u})du, (8)

where {ga_T (u)} is a filter whose the transfer function is
defined by

t+T .
Ver(@) = [ gar(we @tdu, ©)

and for a family R of functions {4, (w)e“t} we define by

t+T Ar—y(@)) -
[t wr(0) = ft_T Jar (W) {t—w}e w8 gy

At(w) (10)

the generalized transfer function of the filter { Jar (u)} .
{ga,T (u)} is chosen such that:

t+T
[ llgerolde = ,,,
t

=T

Th_li}o ftt—+TT |u||ga,T(u)|du = Bga < 400 (11)
+00 a
Jim [yer(@)| do =1
nd - Jim 7 @)oo = a

We state an important theorem proved in [1] that we use
in the sequel.

Theorem 1.

Let M be a complex SaS measure with independent and
isotropic increments, and control measure m then

Eexp{i | fdM} = exp{—C, [ |f|*dm}

for f€ Le(m) (i.e. [ [f(x)|*dm(x) < ), where C, =
(2m)! f_"ﬂ |cosB|*de.
In virtue of the theorem 1 we have

E[EXP{i”t,T(w)}] = eXp(_Ca|r|a¢t,T(w)) (13)

where C, = (am)™?! fon [cosf|¥dO and Y, r(w) is given
by

l/Jt,T(w) =
I 05T gar@@e-u@exp(-ioft —uw)du|” dm(v). (14)

Now we modify I.r(w) as fractional power
periodogram multiplying by a normalization constant:

it,T(w) = Ca,p"t,T(w)|p (15)

where 0 < p < % and the normalization constant C,,, is

given by
-1
Ca,p = Bp [Fp,a[ca]p/a] , (16)
where
+00 1—cos(u) oo 1—e—lul®
Bp = f—oo luITpdu, ande_a = f—oo Ve
Theorem 2.

For all real number w, we have
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P
E[It,T(‘D)] = [lIJt,T(‘D)]a
where P r(w) is defined in (14).
Proof':
Using the following identity

_ p-1 [t 1-cos(xu)
|x|P f |lu |1+p d

B;1Re f+°°1 * Zdu.  (17)

o Juli+P

and substituting x by I, r(w), we obtain
. 1 +o0 9 e—iult‘T(a))
e = gt |, a4
Thus, from (8) we have

1

. too 1—e W% Cathr (@)
E[lt_T(w)]=Fp’a[Ca]p/a [ e dw. (18)

1
Let v = (C,, r(w))au and using (12) we get

E[lyr(@)] = (her(w))s. (19)

Using the definition in [33-37], u(x) is a “pseudo
& —function of order L with respect to v(x)", if for any k,
we have

172 uv(x + k)dx —v(k) (77 u(x)dx| < L. (20)
Theorem 3.

Consider a semi stationary family {R} and its
characteristic width Bg. Then, for all t and w the function
{eit de(G)} is a “pseudo & —functionof order (B, ./
Bg) with respect to the transfer function y, 1(8).”

Proof:

For any k, we can write y,r(60 + k) =y, r(k) +
Oy r(k +n(0)0), where, for each 6,0 < 7(0) < 1, then

+o00 +co
f et Yor(0 + KK, (8) = yer (k) f ¢0dK,(6) +

+00
f Beit yip(k +1(6)8)dK, (6).

The last integral of ab_ove equality was bounded as
follows

400
f Be itf.,,r
—o0

+oo
< suplyir (@) | 1611dK,©)]

< sulOI)/t’r(9)|i

Since |VtT((U)| = TT |u||gaT(u)|du

result of this theorem follows.

the

gaT ’

Theorem 4.

Let {ga‘T (u)} be a filter satisfying (10) and I ,, 7(8) its
“generalized transfer function with respect to a semi-
stationary family R of characteristic width Bg.” We
choose {ga‘T (u)} so that Bg . < €Bg for all T, then

B
1A¢(0)|Teeor(8) — Yer(0)| < é‘;‘ <e for all tw,0.

Proof:
We have, from (11)

t+T

A(@)ewr(0) = [2; Gar(WA—y(w)e™ ™ du (21)

Using the expression of 4;_, (w), the transfer function
of {ga_T (u)} and interchanging the order of integration, we
obtain

AT or(0) = [17 ey, (6 + $)dK, ($). (22)

However, according to above Theorem, {e*?dK,, (¢)}
gaT

is “a pseudo § —function of order (-
Yer(¢).” Therefore

) with respect to

f_ ey, (b + 0)dK, ()

+00
i g
= ¥er(0) f e‘f¢d1<w(¢>| <=
<e
The result follows from (2).
The constant By, defined by By = supges{Bgy} is called
“the characteristic width of the process {X(t)}.” Here, ¢

define the set of semi-stationary families. Using (9, we
obtain

Yrr(w) = f::

=T

t+T
f Gar () A u () exp(ify — w}t

—updu| dm(v),

Denoting by r(t,v,w,T)
From the theorem 4 we have

= liptar ) — Yer . -

Ir(t,v,w,T)| < (%L g“T) <e/lA:(v + w)]|.(23)

|A¢ (V+w)|
On the other hand, from (9) and (11) we get

[Yer(@) = 714, + @) %|yer@)|“dm@ + w)|

+o00 a a
= U_oo [|Ft,v+w,T(v)| - |yt,T(v)| ] X
|[A;(v + w)|*dm(v + w)|. (24)
Substituting T} ;44,7 (V) by it’s amount and using the
following equality proved in [4]
™
[lx + y|P — |x|P — |yIP| < 2|xy|=, for all real x,y and
0<p<2
which implies |[x + y|" — |x|"| < 2|xy|™/? + |y|”, we
get

+00
a a
U [lrt,v+w,T(U)| - |)’t,T(U)| ]lAt(U + w)|*dm(v + w)
+o0
< Zf |yt,T(v)|a/2|r(t, v,0,T)|¥? x |A,(v + 0)|*dm(v + w)
To
+f |r(t, v, w, T)|%|A:(v + w)|*dm(v + w)

We majorize the second integral denoted I, by:
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|[A;(v + w)|*dm(v + w)

+o0
IL| sf

+00
< f le]*dm(v + w)

£
A (v + w)

because r(t,v,w,T) <¢/|A;(v+ w)| and since

dH;(w) = |A;(w)|*dm(w) then
dHy(w) = |Ag(w)|*dm(w) = dm(w), (i.e. dm(v) is the
evolutionary spectrum at zero time), hence

12 = 0(8“).
For the first integral, let the set () be defined by (1 =
{v; |yt,T(v)|a/2|At(v + w)|*? < 1} which implies

11| < le|*/? {f lrer )| 14, + w)|2dm(v + w)
Q

+ f ver@)|?14.w + 0)|/2dm(v + w)}
QC

then, from Cauchy-Schwartz inequality applied to the
second integral of the last inequality we have

L] < Isl‘)‘/z{fn dm(v + )+
[ @l am@+o) [ 14,0+ oldne + a))}.
Qc Qc

The first integral is bounded. For the second integral i.e.
fnc [Yer@)|21A:(v + w)|2dm(v + w) is finite because
1A + )| < [*7 |dK,(6)] = 1 and

[ er@)“ame + o)

+o0
= [ s ) hotw + w)av

< supho(v) [ [yer )| dv

from (13) we conclude that I; + I, = 0(£%/?). So we have
the following result.

Theorem 5.
+oo
Per(w) = f AW + 0)1%]yer )| “dm(v + w)
+ 0(e%?)
0 [04
= [ lyer )| dH (v + @) +
0(e%/2)

with By . sufficiently small relative to By.
Proof':
From (9), re-writing the above result in term of h,(v)

Yer(@) = [ [yer@)| he(v + w)dv + 0(e¥/?).  (25)

Now suppose that {ga_T(u)} is chosen so that By, <
Bga,T) 1

Bx 7 lAc(v+w)|

As in [33-37], for give an estimate of h,(v) we

Byeand r(t,v,w, T) < (

supppose that, |yt,T (v)|a is a “pseudo § —function with
Bga,T

respect to h; (v) (the order being (—))” d.e.

Bx

+ o0

J- |Vt,T(17)|aht(v + w)dv

oo 24 Bga,T
— he(w) lyer@)| dv| < B,
<e

Thus from (20) we have

[Yer(@) = [ [yer )| he(v + w)dv| < k(e)*/?

<k()** +¢

V(@ = (@ | rer@)|"dw
< k'(e)%/?

where k is a constant k' = k + £%/2, so

Ver(w) = ht(w)f_ [Ty (v)|%dv + 0(£%/?)

}i_{gl/)t,T(w) = h(w) + O(Sa/z)-

Theorem 7.

Let w belongs to |-, +[ then we have
- P
lim E[lir(@)] = (he(w))« + 0(eP?)

Proof:
Using the proposition 2 we get

. p b D
E[It,T(w)] = (h(w))e = (lpt,T(w))a = (he(w))e.
Using the inequality: |x' —y!| < |x —y|', x,y >0

and 0 < i < 1 we deduce that

P
= |1/)t,T(w) - ht(w)|a (26)

B p
| (e @)= = (o)
since }im Yer(w) = he(w) + O(s“/z), the result follows.

Theorem 6.

Let w belongs to |[-m,m[ and 0 < p < %, then we have
- 2p
Var[It.T ((D)] = Vot,p (qjt,T(“))) “«
- 2p
Tlim var[li ()] = Vg p(he(w))« + 0(eP)

CZ
where V , = —% — 1.

- Co,2p
Proof':

1
Using the equality (13), putting v = [Catpt,T (a))]au ,
and similarly to proof of (14) we get
- 2 2
E[lt,T (0.))] = Cg,p Cz_pl,oc [wt,T (w)] @

thus we obtain
A 2p
var[lyr(@)] = Vep[Wer (@)] @

using the inequality (21) with %p rather than g, we get
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2p 2p
Va,p [lpt,T(w)] & - Va,p [ht(w)] a

2p
< |Va,p||¢t,T(w) - ht(w)l @
and since }im Yer(w) = he(w) + 0(8“/2), we conclude
that

limvar{l,z(@)] = Vo [he(@)] @ +0(cP).

III. SMOOTHING THE MODIFIED PERIODOGRAM

The variance of the modified periodogram is
Z_p

asymptotically proportional to, [h,(w)]« , the spectral

density to the power %p. So it does not converge to zero

(non-consistent estimator). To overcome this difficulty we
proceed as is customary in time series to smooth the last
estimator by a spectral window Wy (t) depending on the
parameter M:

for(@) = [77 Wr(w — Wl r(w)du 27)

where
Wr(t) = MW (M), (28)
The smoothing parameter My satisfies lim MT = +4o0

and lim MT = 0, and W is a positive functlon satisfying

T—-+o0

W(—t)=wW(@),W(t) =0 for|t] < 1and

f+1W(t)dt =1.
-1

Smoothing the periodogram reduces the variance of the
estimator and gives a good estimate of the spectrum.
Indeed, smoothing by a spectral window with well-chosen
parameter softens the variation of the spectrum relative to
the spectral peaks present in the periodogram.

Theorem 8.

Let w real number different to zero. Then

- b
Elfor(0)] = [he(w)]P/¢ + 0 (22).
ftyT(w) is an asymptotically unbiased estimate of
[he(w)]P/
Proof':
Putting x = My (w — ) in (22), we obtain

A 1 . x
Elfir@)] = | WEE [fatw ] dx
From (12) we have

E[ftT(w)] = f_il W(x) [lpt,T ((U - MLT)]g dx,

where Y, 7 is defined in (7). Using (2) and (9) and putting
v—w="v

Yer(w— MLT) = f:: |Ft,v+a),T(v + MLT)At(U +
o) dm(v + w)
SO
e (@ — —) 2218w + 0)1% [yer (v +

X
M—T)

dm(v + w)|

= |f_+<:o (|Ft,v+a),T(U + MLT)|a -
V14w + o) dm(v + w)|

a/2
Ir(t, v, w,x, T)|*?| A (v

[er@) + =
+00
<2 f

+oo
+J- [r(t, v, w,x, T)|%4;(v + 0)|*dm (v + w)

x
Yer(v +M_T)
+ w)|*dm(v + w)

20+10
where

r(t,0,0,%T) = Tpror( + ) = Ver (@ +12) (29)
T T

We know that
x
A+ 0 pior (v +—) =

M
T
J2 Gar WAy (v + w)e” 1 du

—i (v+

M0 K, o ($)du

ftt_+TT f_-::O g(x,T(u)ei(t_u)¢e
© t+T
f_+go <ft+T gaT( )

- f Vor(¢ +v + —)ewdxm(m

using the inequality (15) and the lemma 3 we have

(¢+I7+ >du> it¢de+a)(¢)

e X\ ite
Yer (¢ +tv+ M ) e PdK, 0 (P) = Ver(v
—o0 T

x too
) | ek, @) <e
MT —0
then
X X
A + Oy (04 20) = Vir (0 + 24w + )|
T T
<e&g
€
Ft,u+w,T(V+ ) YtT(U+M )| m
)
[r(t,v,w,x,T)| < e/|A;(v + w)| (30)
hence
+ o0
L] < f le|®*dm(v + w)
then -
I, = 0(%). 31

For the first integral I;, let the set Q0 be defined by
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a/2

x
Qr = {v ER; |Ver(v +—M ) A, (v + w)|¥? < 1}
T

from (25) we obtain

| < |£|"‘/2{ dm(v + w)

Qr

x . |a/2
Vr@ + | 14, + w)|“2dm(v +
T

+fn%

w) (32)

then, from the Cauchy-Schwartz’s inequality the second
integral is bounded as follows:

+00
|| < |e|%/? {f dm(v + w)

a
dm(v

g
o5

X
Yer(v + M—T)

+ w)
Q7

|4;(v + w)|*dm(v + a))}.

The first integral in right side of the above inequality is
finite since dm(v) is the evolutionary spectrum at zero
time. The second integral is finite because |A;(v + w)| <

[ |dK y40(0)] = 1 and

fﬂ%

a

dm(v + w)

+00
<J
By change of variable, we obtain
+00 a x
L2 @) dm (y = -+ w)=
+00 . x
| s oty = o + o)y
—oo T
+ oo a
< supho(y) [ |ver )| dy

from (13) we conclude that I] + I = 0(£%/?). So we have

+ X
Vt,T(U MT)

a

dm(v + w)

+ x
Vt,T(V MT)

x +o00
V=3 = 1@+l

a

dm(v + w) + 0(e%?)

N x
+00 x (|%
= [ @+ 0| dH@+ o) +
O(Ea/Z)
+00 x \|%
= [ @ +0)| b+ w)dv +
0(e%/?).
Inspired by papers [33]-[37], we assume that bandwidth
of h;(v) is much larger than that of |ytrT(v)|a. This
translates to: |yt‘T(v)|a is a “pseudo-function & with

B
9aTy) » which implies
Bx

respect to h,(v) in order (

a
he(v + w)dv — hy(w

+00
f_oo

X
Yer(v + M—T)

X e a Byor
——)f Yer(W)| dv| < ——<¢
), el Bx
$0
X x [t a
Vir@=3) =@ =10 [ @
< const(e/?),
hence
X x [t a
Vi@ =30 =h@=30 | lrerw)l‘av
+0(e%?),
since h;(.) is continuous and from (13) we obtain
. x\ _ @
limypor(0-) =h@+(e2) (33
uniformly in x.
Then since
. +1 x p/a
Flfur@l = [ W@ |pr-30]" ax
-1 MT
we get

lim E[f,r ()] = [he(@)]P/* + 0(e”2).

X Showing now the consistency of the estimator of
fer(w). This means that the limit of the variance of
frr(w) goes to zero.
Theorem 9.
Let-n<w<mand 0 <p <%,thenwehave
Jim varffur ()] = 0(e)

Proof':
The variance can be writing as follows:

Uar[ft,T(w)]:
f f:: Wr(w — u)Wr(w —
uZ)COU[it,T (u1), it,T (uz)]dulduz (34

-/ " M)W (M (0 — ) )W (M (0
- uz))COU[it,T (u1), it,T (uz)]dulduz
putting x; = Mp(w —u;) i = 1,2
) +1 41
varlfor (@)l = |

-1 J-1

xl ~ xz
i e =10 dndz,

W)W (2)Cov | Ior (o

We write

where oy is a strictly positive real sequence which
converges to zero. Using the Cauchy-Schwarz inequality,
we increase J; by:
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2p

s X X Ja
var{l,p(@ = 3) = Vap [Yer(@ — )|

2p
= Vaplhe(w)] @

uniformly in |x| < 1, we obtain

4] < const[h, ()] or. (35)
On the other hand from (12) and (13) we obtain
R X1 R X1
Eflyr(w - M_T)] —ler(w— M_T)

—iy1lgr(@—p —|Y1|“Ca¢t T(@0=37m

1 +o Ree M7’ _ T
/a f 1+ dyl'
Fp,a[ca]p - |y1|2FP

Using the fact that cos(x) = %{ei" + e ™} and the
proposition 2, we deduce that

- ;_;), it,T(w - ;,_ZT)]:

cov [I},T (w

1 +00 ~+00 1 2
sz,a[Ca]ZP/“ f_°° f_°° [y1y2|PF2 {E[szl Cos(yjlt'T(w -
i
e

2
a Xj
—exp — Caz il ber(@ =35 ¢ dyady.
=1 !
the equality 2cos(a)cos(b) = cos(a + b) + cos(a — b)
gives
2

E 1_[ cos(yjltT(w - I\J/CI_jT))

t+T
=—exp Ca f Z Yj f JarD@e_a(v)exp [—i{w
t

a

Yo /1}] di| dm@)
My

~¢ | i(—l)f“yj [ s o swen-ito

-T

x.
Yo /1}] di| dm@).

My
Putting y, = —v,, we get

X1 i X2
o ler@ =30

_ 1 f-+oof+oo{e_a_e_b} dyldyz
sz,a[ca]zp/a —o0 J—00 |y1y2|p+1

where

cov [IAC,T (w —

t+T

= Zy] f 99 @exp | ifw

a

RV ,1}] | dm@)
My

2
x.
b=Co ) Iyl “Ver (0=
j=1 !

Since a and b are positive we use the following
inequality:

et —e | <e |t —rleltT]

Substituting a by t and b by r, we have

. X1\ . X,
|C‘“’ [’w (“’ - M_T) e (‘” - M_T)]

+eo dy,d
<—z/af f la = blekerit
C ] p |Y1J’2|p

Using again the following inequality,
[lx + y|* — |x]* — |y|*| < 2|xy|*/? for x,y € R and
€ ]0,2], we have

la—b| <
2C, |J’1YZ|2f 1_[

- —j}{t - ,1}] dA

f " e (g swexp [-itw

a/2
dm(v) <

t+T
26yl | 1_[ | araca@esiote -1
exp |—ifw — M—}{t - /1}] al” am).

Using (11), (24), (25) and the following inequality,
[x +y]? < |x|?+ |y|? for x,y €R and q €]0,1], we
obtain

la —b| <
oo 2 a
@ a Xi (|2
2Cayilt [ ] |14 + o)l [rero + 20|
—0 j=1 T
a
+e2ldm(v+w) <
a +eo X1 %
2Ca|3’13’2|2f [A:(v + w)|* Vt,T(U+M_) Yer(w
—oo « T
+ 257 dmv + w)
— mv+w
My
a a (*® a
+2Ca|3’13’2|2€2f [A(v + )2 |yer (v

L[ dm(v + w)
T
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Yer(v

a a (* a
+2Ca|3’13’2|2€2f |[A:(v + w)|2

a

? dm(v + w)

+2C, |y1y2|25"‘f dm(v + w)

Now we will assume that g, r (1) satisfies
+00
f |gayT(/1)|d/1 <G, <oo forallT,

where G, is not dependent to T.

The the Fourier transform of g, (1), y¢r(v), is called
“transfer function”. If the precedent inequality holds this
ensures that y, r(v) is bounded independently of T. Since

|At_ Ay (v)| is bounded by 1 then

a a [ g
la = bl < 2Caly1ys Zsup(ho) (Go)? f lyer(v)|2dv

+2C4ly1y,|2e2sup(ho) [+ Inr(v)lzdv
+2C,ly1y,|2e2sup(ho) [ Inr(v)lzdv
+2C, |y1y2|25"‘f dm(v + w)
Putting Ly = f_w |yt‘T(v’)|2dv, C= f_oo dm(v +

w) and the use of the inequality 2|st|%/? < |s|% + [t|¥
gives

2 . x;
ja=bl=b==Ce ) Iyl {ret0 -1
=1 T

a a
- ((Ga)zsup(ho)LT + 2e2sup(hy) Ly + s“C)}

which imply that
R X1, & X2
|cov [It_T(w - M—T). Igr(w — M_T)” =

g [ 1o 2Ca ((Ga)#sup(ho)Ly + 2ezsup(ho)Ly +

).

2
expl € Wl (ret@ — 30 — Gozsupho)Ls

j=1

a dy,d
— 2¢e2sup(hg)Lr — €%C _ndya

a
|y1y2|p+1_7
a a
Cq, ((Ga)z sup(hy) Ly + 2eZ sup(hy) Lt + S“C)

- 2

2 P
Fp,a [Ca] @

2 400 @ X] dy]
L[], eol-cebslsreto—gp] =
j=1 T Tyl

Pre(@ =20 = (Ga)ssup(ho)Ly — Zs?sup(ho)LT — £%C (36)

Putting z; = y;[Ar (0w — —)]a we obtain

. X1\ - X2
jeov fer (o - M_T) o (0= M_T)” =

a a
2C, ((Ga)fsup(ho)LT + 2e2sup(hy)Lr + s“C)

sz,a [Ca]ZP/a

a
p+1—7

[ esenfee-gl e

T <
— +1-— =
| [Are(w — M—T)]“

j=1 z

a a _2p
zca<(c;a)2 sup(ho)LT+2€2 sup(ho)LT+s“c>F,;_g[ca] a

X
Tp

x X =—E
[AT,t(w—M—lT)AT,t(w——Z)]Z «

l—[f“’"exp( C |Z]| ) s
p+1—— I

Since lim 7. (@ — %) = h(w) + 0(5"‘/2) and using
oo T

the condition (13), we have
. Xj
lim A (@ — M—’) = hy(w) + 0(e/?).

+oo exp( Ca|zj| )

Since the integral f dz; is finite, we

P2
obtain
i i _X) 7 A | .
71‘1—>ngocov [lt'T ((1) MT) ’ It'T ((JJ MT)]
0 (e®)uniformly in xq, x,.
Thus

Jo = 0(e%)
From (29), we obtain that
Jim var[fyr(w)] = 0(e%)
Let w belong to ]—m, [ then we have

lim E[fyr (@) = (he(@))P/“* = 0(e?)

In order to apply the results which had seen, we must
write

Efur(@) — (hy(w))a]?
= [E[fur(@)] = (he(@))?/*]*
+ var [ft,T (w)].

From proposition 1, theorems 5 and 8, we obtain
Jim E[fir(@) = (he(w))P/*]* = O(eP).
Let w belong to ]—m, [, then {fC‘T(a))}Econverge in
probability to h;(w).
Using the following inequality: |y9 — x9| < gly -
x|(y?t + x971), forall x,y € R* and g > 2, we obtain

(@) =~ b)) <
Fur(@P ™+ {ht(wﬁ}rl‘

a | . p
2 [fir (@) = he(@)a] x
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= % fer(@) = ht(w)g X
For @ = (@) +2{n(@)e)
= % |ftrT(w) - ht(w)g x

Fur(@ ™ - {hf(w)§}5_1|
{rett}”

P
Since f,r(w) converges to h(w)“ in L ? we deduct

+2|fur (@) = by (w)

D
that f,r(w) converge to h.(w)” in probability. The

. 1 - -1
function u - u?71 is convex, so (ft,T(a)))q converges
p\4d-1

o (ht(w) 5)

bounded we have

in probability. Using the fact that h, is

p {ft,T(w)}% - ht(w)| > g'] <

_a N P e"\2
P oy [fer@) = hee)e] > (5> -

[ g4 ' %
Pl|(r @~ {r(@e | > (%)
P _%|ﬁ,r(w) - he(@)e] [sup (@ |55

for all €’ > 0, which implies the result of this theorem.

IV. CONCLUSION

This article focuses on the estimation of the evolving
spectral density when the process studied has infinite
variance, in particular when it is alpha symmetric stable.
The applications of this kind of process are numerous, in
particular for random phenomena whose observations
form a large fluctuation. For example:

e In the study of music, to isolate the sound of an
instrument among others. The audio signal would
be tainted by background noise with a very large
fluctuation.

e The movement of sea waves constitutes a
phenomenon whose variance is very large. The
distribution of its energy could be estimated by an
evolving spectral density.

This work can be completed by the study of the
optimization of the smoothing parameter which will allow
an optimal improvement of the convergence rate of the
proposed estimator.
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