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Abstract—In this paper, we study the spectral analysis of a 
non-stationary Symmetric α-Stable (S.α.S) signals, 1<α<2. 
This approach consists of constructing an evolutionary 
spectral measure by analogy to that defined in the spectral 
theory of second-order processes. The goal of this work is to 
define the evolutionary spectral density, by considering the 
class of oscillatory signals (S.α.S). Since, we give an 
asymptotic unbiased estimator of this density and we show 
that the variance of this estimator converges to zero.  

Keywords—spectral, density, stationary, evolutionary alpha-
stable  

I. INTRODUCTION

Stable alpha signals have attracted more and more 
attention in recent decades. In particular, harmonizable 
processes (SaS) and their properties have been the subject 
of several studies such as [1–10]. The applications of 
stable symmetric processes are numerous in diverse fields. 
We cite here only a few specialties: signal and image 
processing, communications and radars, economics, 
electronic applications, hydrology, ... see [11–26]. 

The definition of the spectral density of alpha stable 
signals and its estimations in different cases have been 
studied in many papers [27–31]. 

In this paper, we consider (Ω,F,P) the probability space 
and 𝐿଴(Ω) the set of real random variables defined on this 
space. (𝐸, B(E), 𝑚)  being the measurable space with 
measure m, and the subset of E of finite m-measure : 𝐸଴ =
{𝐴 ∈ 𝐸: 𝑚(𝐴) < ∞}. 

An independently scattered 𝜎-additive set function 

𝑀: 𝐸଴ → 𝐿଴(Ω) 

such that for each 𝐴 ∈ 𝐸଴, 𝑀(𝐴) designates a symmetric 
𝛼-stable random measure defined on (𝐸, 𝐵(𝐸)).  

The measure defined on  𝐸଴ by 𝑚(𝐴) =
[𝑀(𝐴), 𝑀(𝐴)]ఈ represents the control measure of 𝑀 . In 
this paper we consider that 𝐸 = 𝑅 and 𝐵(𝐸) = 𝐵(𝑅) ( the 
borel set). 
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A random measure 𝑀 𝑆𝛼𝑆 has rotationally invariant (or 
isotropic) increments if the distribution of ൛𝑒௜ఏ𝑀(𝐴), 𝐴 ∈

𝐸଴ൟ, does not depend on 𝜃. 
We consider the class of oscillatory process (S.𝛼.S) 

defined on a family ℜ of real functions {𝜑௧(𝜔)}depending 
on the instant 𝑡 , such that the process 𝑋  admits the 
following integral representation: 

𝑋(𝑡) = ∫
ାஶ

ିஶ
𝜑௧(𝜔)𝑑𝑀(𝜔). (1) 

where M is a complex-valued random measure and 
symmetric alpha stable. Their increments are independent 
and isotropic.  

Suppose that, the function 𝜑௧(𝜔)  is defined as an 
oscillatory function:  

𝜑௧(𝜔) = 𝑒௜ఠ௧𝐴௧(𝜔),

where 

𝐴௧(𝜔) = ∫
ାஶ

ିஶ
𝑒௜௧ 𝑑𝐾ఠ(𝜃).   (2) 

The integral representation considered by Masry and 

Cambanis in [4], 𝑋(𝑡) = ∫
ାஶ

ିஶ
𝑒௜ఠ௧ 𝑑𝑀(𝜔), is a particular

case where 𝐴௧(. ) = 1 for all t. 
  As in [32–35], we define, for the family ℜ the function 

𝐵ℜ(𝜔) by 

𝐵ℜ(𝜔) = ∫
ାஶ

ିஶ
|𝜃||𝑑𝐾ఠ(𝜃)|. (3) 

As [32], we qualify the family ℜ   of oscillatory 
functions as semi-stationary if the function  𝐵ℜ(𝜔)  is 
bounded whatever ω, and we define the characteristic 
width of the family ℜ by  the following constant 

𝐵ℜ = ൤sup
ఠ

𝐵ℜ(𝜔)൨
ିଵ

(4) 

Assuming that 𝐴௧(. ) ∈ 𝐿ఈ(𝑚), 
(𝑖. 𝑒. ∫ |𝐴௧(x)|ఈ𝑑𝑚(𝑥) < ∞)  in this case and from the 
properties of the covariation [1, 4], we have 

[𝑋(𝑡), 𝑋(𝑠)]ఈ = ∫ 𝜑௧(𝜔)(𝜑௦(𝜔))ழఈିଵவ𝑑𝑚(𝜔). (5) 
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For 𝑠 = 𝑡 we may write 

𝑅(𝑡) = [𝑋(𝑡), 𝑋(𝑡)]ఈ = න |𝐴௧(𝜔)|ఈ𝑑𝑚(𝜔) 

R cannot be interpreted as the total energy like in the 
case of the second-order process but by analogy, we can 
see R as the sum of components |𝐴௧(𝜔)|ఈ𝑑𝑚(𝜔) forming 
the contribution from the frequency 𝜔  carried by the 
process at time t. 

As in [37] for the second order process, where he 
defined the evolutionary spectral measure from the 
variance, we consider the measure 

𝑑𝐻௧(𝜔) = |𝐴௧(𝜔)|ఈ𝑑𝑚(𝜔)  (6) 

as the evolutionary spectral measure at time 𝑡 according to 
the family ℜ = {𝜑௧(𝜔)}௧ = {𝑒௜ఠ௧𝐴௧(𝜔)}. 

As in the paper [33], we can give an interpretation of 
oscillatory processes under the aspect of time-dependent 
filters when we suppose that 𝐴௧(𝜔) is Fourier transform of 
a filter  h௧ : 𝐴௧(𝜔) = ∫ 𝑒௜ఠ௨𝑔௧

ஶ

ିஶ
(𝑢)𝑑𝑢.  From (1), we 

obtain 𝑋(𝑡) = ∫
ାஶ

ିஶ
𝐿௧ି௨(𝜔)g௧(u)du with 𝐿௧ =

∫ 𝑒௜ఠ  𝑑𝑀(𝜔)
ஶ

ିஶ
.  

Thus, X(t) can be interpreted as the transformation of a 
stationary alpha stable signal by a time-varying filter 𝑔௧. 
Thus, the evolutionary spectrum at time t, 
|𝐴௧(𝜔)|ఈ𝑑𝑚(𝜔),   can be seen as the spectrum of a 
stationary alpha stable signal (in the sense defined in [4]) 
where the filter 𝑔௧  is fixed representing its state at time t. 

It is now necessary to “standardize” the functions 𝐴௧(𝜔) 
so that, for all 𝜔,  we suppose that 𝐴଴(𝜔) = 1.  This 
condition allows 𝑑𝑚(𝜔)  represent the evolutionary 

spectrum at time  𝑡 = 0. Assume that ∫
ାஶ

ିஶ
|𝑑𝐾ఠ(𝜃)| = 1

and suppose that measure 𝑚(𝜔) is absolutely continuous 
with respect to Lebesgue measure. We obtain 

      𝑑𝐻௧(𝜔) = ℎ௧(𝜔)𝑑𝜔 (7) 

ℎ௧(𝜔) is called the “evolutionary spectral density”. 
The organization of this paper is subject to the following 

plan: the section II considers the definition of a 
periodogram by observing the process 𝑋  on the interval 
[0, 𝑇]. Afterwards we introduce the modified periodogram, 

𝐼መ௧,்(𝜔) = 𝐶ఈ,௣ห𝐼௧,்(𝜔)ห
௣

,  with 0 < 𝑝 <
ఈ

ଶ
.  We prove that 

the modified periodogram is an estimator of {ℎ௧(𝜔)}
೛

ഀ and 
it is asymptotically unbiased but it is not consistent. In the 
section III, we give an estimator by smoothing the 
modified periodogram using a spectral window 𝑊்(𝑡) . 
We show that the smoothed estimate 𝑓መ௧,்(𝜔)  is 

asymptotically unbiased and consistent of {ℎ௧(𝜔)}
೛

ഀ . 
Finally, we show the convergence in mean quadratic of the 

𝑓መ௧,்(𝜔) to {ℎ௧(𝜔)}
೛

ഀand the convergence in probability of 

the ൫𝑓መ௧,்(𝜔)൯
ഀ

೛ to ℎ௧(𝜔). 

II. THE PERIODOGRAM

Given a sample record of {𝑋(𝑡)},  for 0 ≤ 𝑡 ≤ 𝑇.  We 
consider the following periodogam:  

𝐼௧,்(𝜔) = 

𝑅𝑒 ∫
௧ା்

௧ି்
𝑔ఈ,்(𝑢)𝑋(𝑡 − 𝑢)exp(−𝑖𝜔{𝑡 − 𝑢})𝑑𝑢, (8) 

where ൛𝑔ఈ,்(𝑢)ൟ is a filter whose the transfer function is 
defined by 

𝛾௧,்(𝜔) = ∫
௧ା்

௧ି்
𝑔ఈ,்(𝑢)𝑒ି௜ఠ௨𝑑𝑢, (9) 

and for a family ℜ of functions {𝐴௧(𝜔)𝑒௜ఠ௧} we define by 

Γ௧,ఠ,்(𝜃) = ∫
௧ା்

௧ି்
𝑔ఈ,்(𝑢) ቄ

஺೟షೠ(ఠ)

஺೟(ఠ)
ቅ 𝑒ି௜௨ఏ𝑑𝑢 (10) 

the generalized transfer function of the filter ൛𝑔ఈ,்(𝑢)ൟ . 
൛𝑔ఈ,்(𝑢)ൟ is chosen such that: 

න
௧ା்

௧ି்

|𝑢|ห𝑔ఈ,்(𝑢)ห𝑑𝑢 = 𝐵௚ഀ,೅
 

lim
்→ஶ

∫
௧ା்

௧ି்
|𝑢|ห𝑔ఈ,்(𝑢)ห𝑑𝑢 = 𝐵௚ഀ

< +∞ (11) 

lim
்→ஶ

න
ାஶ

ିஶ

ห𝛾௧,்(𝜔)ห
ఈ

𝑑𝜔 = 1

and    lim
்→ஶ

∫
ାஶ

ିஶ
ห𝛾௧,்(𝜔)ห

ഀ

మ𝑑𝜔 = 0. (12) 

We state an important theorem proved in [1] that we use 
in the sequel. 

Theorem 1. 

Let M be a complex SαS measure with independent and 
isotropic increments, and control measure m then  

Eexp{i ∫ fdM} = exp{−C஑ ∫ |f|஑dm}  

for f ∈ L஑(m)  (i. e. ∫ |f(x)|஑dm(x) < ∞),  where C஑ =

(2π)ିଵ ∫
஠

ି஠
|cosθ|஑dθ.

In virtue of the theorem 1 we have 

𝐸ൣexp൛𝑖𝑟𝐼௧,்(𝜔)ൟ൧ = exp(−𝐶ఈ|𝑟|ఈ𝜓௧,்(𝜔)) (13) 

where 𝐶ఈ = (𝛼𝜋)ିଵ ∫
గ

଴
|cos𝜃|ఈ𝑑𝜃  and 𝜓௧,்(𝜔)  is given 

by  

𝜓௧,்(𝜔) = 

∫
ାஶ

ିஶ
ቚ∫

௧ା்

௧ି்
𝑔ఈ,்(𝑢)𝜑௧ି௨(𝑣)exp(−𝑖𝜔{𝑡 − 𝑢})𝑑𝑢ቚ

ఈ
𝑑𝑚(𝑣).  (14) 

Now we modify 𝐼௧,்(𝜔)  as fractional power 
periodogram multiplying by a normalization constant:  

𝐼መ௧,்(𝜔) = 𝐶ఈ,௣ห𝐼௧,்(𝜔)ห
௣

(15) 

where 0 < 𝑝 <
ఈ

ଶ
 and the normalization constant 𝐶ఈ,௣  is 

given by 

𝐶ఈ,௣ = 𝐵௣ൣ𝐹௣,ఈ[𝐶ఈ]௣/ఈ൧
ିଵ

,   (16) 
where 

𝐵௣ = ∫
ାஶ

ିஶ

ଵିୡ୭ୱ(௨)

|௨|భశ೛ 𝑑𝑢, and𝐹௣,ఈ = ∫
ାஶ

ିஶ

ଵି௘ష|ೠ|ഀ

|௨|భశ೛ 𝑑𝑢. 

Theorem 2. 

For all real number ω, we have 
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EൣIመ୲,୘(ω)൧ = ൣψ୲,୘(ω)൧
୮
஑

where ψ୲,୘(ω) is defined in (14). 
Proof : 
Using the following identity 

|𝑥|௣ = 𝐵௣
ିଵ ∫

ାஶ

ିஶ

ଵିୡ୭ୱ(௫௨)

|௨|భశ೛ 𝑑𝑢 =

𝐵௣
ିଵ𝑅𝑒 ∫

ାஶ

ିஶ

ଵି௘ష೔ೠೣ

|௨|భశ೛ 𝑑𝑢. (17) 

and substituting 𝑥 by 𝐼௧,்(𝜔), we obtain 

𝐼መ௧,்(𝜔) =
1

𝐹௣,ఈ[𝐶ఈ]௣/ఈ
𝑅𝑒 න

ାஶ

ିஶ

1 − 𝑒ି௜௨ூ೟,೅(ఠ)

|𝑢|ଵା௣
𝑑𝑢. 

Thus, from (8) we have 

𝐸ൣ𝐼መ௧,்(𝜔)൧ =
ଵ

ி೛,ഀ[஼ഀ]೛/ഀ ∫
ାஶ

ିஶ

ଵି௘
ష|ೠ|ഀ಴ഀഗ೟,೅(ഘ)

|௨|భశ೛ 𝑑𝑢. (18) 

Let 𝑣 = (𝐶ఈ𝜓௧,்(𝜔))
భ

ഀ𝑢 and using (12) we get 

𝐸ൣ𝐼መ௧,்(𝜔)൧ = (𝜓௧,்(𝜔))
೛

ഀ. (19) 

Using the definition in [33–37], 𝑢(𝑥)  is a “pseudo 
𝛿 −function of order 𝐿 with respect to 𝑣(𝑥)", if for any 𝑘, 
we have  

ห∫
ାஶ

ିஶ
𝑢(𝑥)𝑣(𝑥 + 𝑘)𝑑𝑥 − 𝑣(𝑘) ∫

ାஶ

ିஶ
𝑢(𝑥)𝑑𝑥ห < 𝐿. (20) 

Theorem 3. 

Consider a semi stationary family {ℜ}    and its 
characteristic width Bℜ. Then, for all t and ω the function 
൛e୧୲ dKன(θ)ൟ  is a “pseudo δ − functionof order (B୥ಉ,౐

/

Bℜ) with respect to the transfer function γ୲,୘(θ).”  
Proof : 
For any 𝑘 , we can write 𝛾௧,்(𝜃 + 𝑘) = 𝛾௧,்(𝑘) +

𝜃𝛾௧,்
ᇱ (𝑘 + 𝜂(𝜃)𝜃), where, for each 𝜃, 0 < 𝜂(𝜃) < 1, then 

න
ାஶ

ିஶ

𝑒௜௧ 𝛾௧,்(𝜃 + 𝑘)𝑑𝐾ఠ(𝜃) = 𝛾௧,்(𝑘) න
ାஶ

ିஶ

𝑒௜௧ఏ𝑑𝐾ఠ(𝜃) + 

න
ାஶ

ିஶ

𝜃𝑒௜௧ 𝛾௧,்
ᇱ (𝑘 + 𝜂(𝜃)𝜃)𝑑𝐾ఠ(𝜃). 

The last integral of above equality was bounded as 
follows  

ቤන
ାஶ

ିஶ

𝜃𝑒௜௧ఏ𝛾௧,்
ᇱ (𝑘 + 𝜂(𝜃)𝜃)𝑑𝐾ఠ(𝜃)ቤ

≤ sup
ఏ

ห𝛾௧,்
ᇱ (𝜃)ห න

ାஶ

ିஶ

|𝜃||𝑑𝐾ఠ(𝜃)| 

 ≤ sup
ఏ

ห𝛾௧,்
ᇱ (𝜃)ห

ଵ

஻ℜ
. 

Since ห𝛾௧,்
ᇱ (𝜔)ห ≤ ∫

௧ା்

௧ି்
|𝑢|ห𝑔ఈ,்(𝑢)ห𝑑𝑢 = 𝐵௚ഀ,೅

, the 
result of this theorem follows. 

Theorem 4. 

Let ൛g஑,୘(u)ൟ be a filter satisfying (10) and Γ୲,ன,୘(θ) its 
“generalized transfer function with respect to a semi-
stationary family ℜ  of characteristic width Bℜ. ” We 
choose ൛g஑,୘(u)ൟ so that B୥ಉ,౐

< εBℜ for all T, then  

|A୲(ω)|หΓ୲,ன,୘(θ) − γ୲,୘(θ)ห <
B୥ಉ,౐

Bℜ

≤ ε   for  all   t, ω, θ. 

Proof: 
We have, from (11) 

𝐴௧(𝜔)Γ௧,ఠ,்(𝜃) = ∫
௧ା்

௧ି்
𝑔ఈ,்(𝑢)𝐴௧ି௨(𝜔)𝑒ି௜௨ఏ𝑑𝑢 (21) 

Using the expression of 𝐴௧ି௨(𝜔), the transfer function 
of ൛𝑔ఈ,்(𝑢)ൟ and interchanging the order of integration, we 
obtain  

𝐴௧(𝜔)Γ௧,ఠ,்(𝜃) = ∫
ାஶ

ିஶ
𝑒௜௧థ𝛾௧,்(𝜃 + 𝜙)𝑑𝐾ఠ(𝜙). (22) 

However, according to above Theorem, ൛𝑒௜௧థ𝑑𝐾ఠ(𝜙)ൟ 

is “a pseudo 𝛿 −function of order (
஻೒ഀ,೅

஻ℜ
) with respect to 

𝛾௧,்(𝜙).” Therefore 

ቤන
ାஶ

ିஶ

𝑒௜௧థ𝛾௧,்(𝜙 + 𝜃)𝑑𝐾ఠ(𝜙)

− 𝛾௧,்(𝜃) න
ାஶ

ିஶ

𝑒௜௧థ𝑑𝐾ఠ(𝜙)ቤ <
𝐵௚ഀ,೅

𝐵ℜ

≤ 𝜀. 

The result follows from (2). 
The constant 𝐵௑ , defined by 𝐵௑ = supℜ∈ℓ{𝐵ℜ} is called 

“the characteristic width of the process {𝑋(𝑡)}.” Here, ℓ 
define the set of semi-stationary families. Using (9, we 
obtain  

𝜓௧,்(𝜔) = න
ାஶ

ିஶ

ቤන
௧ା்

௧ି்

𝑔ఈ,்(𝑢)𝐴௧ି௨(𝑣)exp(𝑖{𝑣 − 𝜔}{𝑡

− 𝑢})𝑑𝑢ቤ

ఈ

𝑑𝑚(𝑣), 

Denoting by 𝑟(𝑡, 𝑣, 𝜔, 𝑇) = Γ௧,௩ାఠ,்(𝑣) − 𝛾௧,்(𝑣).    - 
From the theorem 4 we have 

|𝑟(𝑡, 𝑣, 𝜔, 𝑇)| < (
஻೒ഀ,೅

஻೉
)

ଵ

|஺೟(௩ାఠ)|
< 𝜀/|𝐴௧(𝑣 + 𝜔)|.(23) 

On the other hand, from (9) and (11) we get 

ห𝜓௧,்(𝜔) − ∫
ାஶ

ିஶ
|𝐴௧(𝑣 + 𝜔)|ఈห𝛾௧,்(𝑣)ห

ఈ
𝑑𝑚(𝑣 + 𝜔)ห

= ห∫
ାஶ

ିஶ
ൣหΓ௧,௩ାఠ,்(𝑣)ห

ఈ
− ห𝛾௧,்(𝑣)ห

ఈ
൧ ×

|𝐴௧(𝑣 + 𝜔)|ఈ𝑑𝑚(𝑣 + 𝜔)ห. (24) 

Substituting Γ௧,௩ାఠ,்(𝑣)  by it’s amount and using the 
following equality proved in [4] 

 ||𝑥 + 𝑦|௣ − |𝑥|௣ − |𝑦|௣| ≤ 2|𝑥𝑦|
ೝ೛

మ , for all real 𝑥, 𝑦 and 
0 < 𝑝 ≤ 2, 

 which implies ||𝑥 + 𝑦|௥ − |𝑥|௥| ≤ 2|𝑥𝑦|௥/ଶ + |𝑦|௥ , we 
get  

ቤන
ାஶ

ିஶ

ቂหΓ௧,௩ାఠ,்(𝑣)ห
ఈ

− ห𝛾௧,்(𝑣)ห
ఈ

ቃ|𝐴௧(𝑣 + 𝜔)|ఈ𝑑𝑚(𝑣 + 𝜔)   ቤ

≤ 2 න
ାஶ

ିஶ

ห𝛾௧,்(𝑣)ห
ఈ/ଶ

|𝑟(𝑡, 𝑣, 𝜔, 𝑇)|ఈ/ଶ × |𝐴௧(𝑣 + 𝜔)|ఈ𝑑𝑚(𝑣 + 𝜔)

 + න
ାஶ

ିஶ

|𝑟(𝑡, 𝑣, 𝜔, 𝑇)|ఈ|𝐴௧(𝑣 + 𝜔)|ఈ𝑑𝑚(𝑣 + 𝜔) 

We majorize the second integral denoted 𝐼ଶ by: 
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|𝐼ଶ| ≤ න
ାஶ

ିஶ

ฬ
𝜀

𝐴௧(𝑣 + 𝜔)
ฬ

ఈ

|𝐴௧(𝑣 + 𝜔)|ఈ𝑑𝑚(𝑣 + 𝜔) 

 ≤ න
ାஶ

ିஶ

|𝜀|ఈ𝑑𝑚(𝑣 + 𝜔) 

because 𝑟(𝑡, 𝑣, 𝜔, 𝑇) < 𝜀/|𝐴௧(𝑣 + 𝜔)|  and since 
𝑑𝐻௧(𝜔) = |𝐴௧(𝜔)|ఈ𝑑𝑚(𝜔) then  
𝑑𝐻଴(𝜔) = |𝐴଴(𝜔)|ఈ𝑑𝑚(𝜔) = 𝑑𝑚(𝜔), (i.e. 𝑑𝑚(𝑣) is the 
evolutionary spectrum at zero time), hence  

𝐼ଶ = 𝑂(𝜀ఈ). 

For the first integral, let the set Ω be defined by Ω =

ቄ𝑣; ห𝛾௧,்(𝑣)ห
ఈ/ଶ

|𝐴௧(𝑣 + 𝜔)|ఈ/ଶ ≤ 1ቅ which implies

|𝐼ଵ| ≤ |𝜀|ఈ/ଶ ቊන
ஐ

ห𝛾௧,்(𝑣)ห
ఈ/ଶ

|𝐴௧(𝑣 + 𝜔)|ఈ/ଶ𝑑𝑚(𝑣 + 𝜔)

+ න
ஐ೎

ห𝛾௧,்(𝑣)ห
ఈ/ଶ

|𝐴௧(𝑣 + 𝜔)|ఈ/ଶ𝑑𝑚(𝑣 + 𝜔)ቋ

then, from Cauchy-Schwartz inequality applied to the 
second integral of the last inequality we have  

|𝐼ଵ| ≤ |𝜀|ఈ/ଶ൛∫
ஐ

𝑑𝑚(𝑣 + 𝜔)+

න
ஐ೎

ห𝛾௧,்(𝑣)ห
ఈ

𝑑𝑚(𝑣 + 𝜔) න
ஐ೎

|𝐴௧(𝑣 + 𝜔)|ఈ𝑑𝑚(𝑣 + 𝜔)ቋ. 

The first integral is bounded. For the second integral i.e. 

∫
ஐ೎ ห𝛾௧,்(𝑣)ห

ഀ

మ|𝐴௧(𝑣 + 𝜔)|
ഀ

మ𝑑𝑚(𝑣 + 𝜔)  is finite because 

|𝐴௧(𝑣 + 𝜔)| ≤ ∫
ାஶ

ିஶ
|𝑑𝐾ఠ(𝜃)| = 1 and 

න
ାஶ

ିஶ

ห𝛾௧,்(𝑣)ห
ఈ

𝑑𝑚(𝑣 + 𝜔)

= න
ାஶ

ିஶ

ห𝛾௧,்(𝑣)ห
ఈ

ℎ଴(𝑣 + 𝜔)𝑑𝑣

≤ supℎ଴(𝑣) ∫
ାஶ

ିஶ
ห𝛾௧,்(𝑣)ห

ఈ
𝑑𝑣

from (13) we conclude that 𝐼ଵ + 𝐼ଶ = 𝑂(𝜀ఈ/ଶ). So we have 
the following result. 

Theorem 5. 

ψ୲,୘(ω) = න
ାஶ

ିஶ

|A୲(v + ω)|஑หγ୲,୘(v)ห
஑

dm(v + ω)

+ O(ε஑/ଶ)

= ∫
ାஶ

ିஶ
หγ୲,୘(v)ห

஑
dH୲(v + ω) +

O(ε஑/ଶ) 

with B୥ಉ,౐
 sufficiently small relative to Bଡ଼.  

Proof : 
From (9), re-writing the above result in term of ℎ௧(𝑣) 

𝜓௧,்(𝜔) = ∫
ାஶ

ିஶ
ห𝛾௧,்(𝑣)ห

ఈ
ℎ௧(𝑣 + 𝜔)𝑑𝑣 + 𝑂(𝜀ఈ/ଶ). (25)

Now suppose that ൛𝑔ఈ,்(𝑢)ൟ is chosen so that 𝐵௚ഀ,೅
≤

𝐵௑𝜀 and 𝑟(𝑡, 𝑣, 𝜔, 𝑇) < (
஻೒ഀ,೅

஻೉
)

ଵ

|஺೟(௩ାఠ)|
 .  

As in [33–37], for give an estimate of ℎ௧(𝑣)  we 

supppose that,  ห𝛾௧,்(𝑣)ห
ఈ

 is a “pseudo 𝛿 −function with

respect to ℎ௧(𝑣) (the order being ቀ
஻೒ഀ,೅

஻೉
ቁ)” .i.e. 

ቤන
ାஶ

ିஶ

ห𝛾௧,்(𝑣)ห
ఈ

ℎ௧(𝑣 + 𝜔)𝑑𝑣

− ℎ௧(𝜔) න
ାஶ

ିஶ

ห𝛾௧,்(𝑣)ห
ఈ

𝑑𝑣ቤ <
𝐵௚ഀ,೅

𝐵௑

≤ 𝜀. 

Thus from (20) we have 

ห𝜓௧,்(𝜔) − ∫
ାஶ

ିஶ
ห𝛾௧,்(𝑣)ห

ఈ
ℎ௧(𝑣 + 𝜔)𝑑𝑣ห ≤ 𝑘(𝜀)ఈ/ଶ

ቤ𝜓௧,்(𝜔) − ℎ௧(𝜔) න
ାஶ

ିஶ

ห𝛾௧,்(𝑣)ห
ఈ

𝑑𝑣ቤ ≤ 𝑘(𝜀)ఈ/ଶ + 𝜀

≤ 𝑘ᇱ(𝜀)ఈ/ଶ 

where 𝑘 is a constant 𝑘ᇱ = 𝑘 + 𝜀ఈ/ଶ, so  

𝜓௧,்(𝜔) = ℎ௧(𝜔) න
ାஶ

ିஶ

|Γ்(𝑣)|ఈ𝑑𝑣 + 𝑂൫𝜀ఈ/ଶ൯ 

lim
்→ஶ

𝜓௧,்(𝜔) = ℎ௧(𝜔) + 𝑂൫𝜀ఈ/ଶ൯. 

Theorem 7. 

Let ω belongs to ]−π, +π[ then we have 

lim
୘→ஶ

EൣIመ୲,୘(ω)൧ = (h୲(ω))
୮
஑ + O൫ε୮/ଶ൯ 

Proof : 
Using the proposition 2 we get  

𝐸ൣ𝐼መ௧,்(𝜔)൧ − (ℎ௧(𝜔))
௣
ఈ = ൫𝜓௧,்(𝜔)൯

௣
ఈ − (ℎ௧(𝜔))

௣
ఈ . 

Using the inequality: ห𝑥௜ − 𝑦௜ห ≤ |𝑥 − 𝑦|௜ , 𝑥, 𝑦  > 0 
and 0 < 𝑖 ≤ 1 we deduce that  

ฬ൫𝜓௧,்(𝜔)൯
೛

ഀ − (ℎ௧(𝜔))
೛

ഀฬ ≤ ห𝜓௧,்(𝜔) − ℎ௧(𝜔)ห
೛

ഀ (26) 

since lim
்→ஶ

𝜓௧,்(𝜔) = ℎ௧(𝜔) + 𝑂൫𝜀ఈ/ଶ൯, the result follows. 

Theorem 6. 

Let ω belongs to ]−π, π[ and 0 < p <
஑

ଶ
, then we have 

varൣIመ୲,୘(ω)൧ = V஑,୮൫ψ୲,୘(ω)൯
ଶ୮
஑

lim
୘→ஶ

varൣIመ୲,୘(ω)൧ = V஑,୮(h୲(ω))
ଶ୮
஑ + O(ε୮) 

where V஑,୮ =
େಉ,౦

మ

େಉ,మ౦
− 1.

Proof : 

Using the equality (13), putting 𝑣 = ൣ𝐶ఈ𝜓௧,்(𝜔)൧
భ

ഀ𝑢  , 
and similarly to proof of (14) we get  

𝐸ൣ𝐼መ௧,்(𝜔)൧
ଶ

= 𝐶ఈ,௣
ଶ 𝐶ଶ௣,ఈ

ିଵ ൣ𝜓௧,்(𝜔)൧
ଶ௣
ఈ

thus we obtain  

𝑣𝑎𝑟ൣ𝐼መ௧,்(𝜔)൧ = 𝑉ఈ,௣ൣ𝜓௧,்(𝜔)൧
ଶ௣
ఈ

using the inequality (21) with 
ଶ௣

ఈ
 rather than 

௣

ఈ
, we get  
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ቤ𝑉ఈ,௣ൣ𝜓௧,்(𝜔)൧
ଶ௣
ఈ − 𝑉ఈ,௣[ℎ௧(𝜔)]

ଶ௣
ఈ ቤ

≤ ห𝑉ఈ,௣หห𝜓௧,்(𝜔) − ℎ௧(𝜔)ห
ଶ௣
ఈ

and since lim
்→ஶ

𝜓௧,்(𝜔) = ℎ௧(𝜔) + 𝑂൫𝜀ఈ/ଶ൯, we conclude 

that 

lim
்→ஶ

𝑣𝑎𝑟ൣ𝐼መ௧,்(𝜔)൧ = 𝑉ఈ,௣[ℎ௧(𝜔)]
ଶ௣
ఈ + 𝑂(𝜀௣). 

III. SMOOTHING THE MODIFIED PERIODOGRAM

The variance of the modified periodogram is 

asymptotically proportional to, [ℎ௧(𝜔)]
మ೛

ഀ , the spectral 

density to the power 
ଶ௣

ఈ
 . So it does not converge to zero 

(non-consistent estimator). To overcome this difficulty we 
proceed as is customary in time series to smooth the last 
estimator by a spectral window 𝑊்(𝑡) depending on the 
parameter 𝑀்:  

𝑓መ௧,்(𝜔) = ∫
ାஶ

ିஶ
𝑊்(𝜔 − 𝑢)𝐼መ௧,்(𝑢)𝑑𝑢 (27) 

where 

𝑊்(𝑡) = 𝑀்𝑊(𝑀்𝑡), (28) 

The smoothing parameter 𝑀் satisfies lim
்→ାஶ

𝑀் = +∞ 

and lim
்→ାஶ

ெ೅

்
= 0, and 𝑊 is a positive function satisfying 

𝑊(−t) = 𝑊(t) , 𝑊(𝑡) = 0 for |𝑡| < 1 and 

න
ାଵ

ିଵ

𝑊(𝑡)𝑑𝑡 = 1. 

Smoothing the periodogram reduces the variance of the 
estimator and gives a good estimate of the spectrum. 
Indeed, smoothing by a spectral window with well-chosen 
parameter softens the variation of the spectrum relative to 
the spectral peaks present in the periodogram. 

Theorem 8. 

Let ω real number different to zero. Then 

E[fመ୲,୘(ω)] ≃ [h୲(ω)]୮/஑ + O ቀε
୮
ଶቁ. 

fመ୲,୘(ω)  is an asymptotically unbiased estimate of 
[h୲(ω)]୮/஑. 

Proof : 
Putting 𝑥 = 𝑀்(𝜔 − 𝑢) in (22), we obtain 

𝐸ൣ𝑓መ௧,்(𝜔)൧ = න
ାଵ

ିଵ

𝑊(𝑥)𝐸 ൤𝐼መ௧,்(𝜔 −
𝑥

𝑀்

)൨ 𝑑𝑥. 

From (12) we have 

𝐸ൣ𝑓መ௧,்(𝜔)൧ = න
ାଵ

ିଵ

𝑊(𝑥) ൤𝜓௧,் ൬𝜔 −
𝑥

𝑀்

൰൨

௣
ఈ

𝑑𝑥, 

where 𝜓௧,் is defined in (7). Using (2) and (9) and putting 
𝑣 − 𝜔 = 𝑣ᇱ 

𝜓௧,்(𝜔 −
௫

ெ೅
) = ∫

ାஶ

ିஶ
ቚΓ௧,௩ାఠ,்(𝑣 +

௫

ெ೅
)𝐴௧(𝑣 +

𝜔)ቚ
ఈ

𝑑𝑚(𝑣 + 𝜔) 

so 

ቚ𝜓௧,்(𝜔 −
௫

ெ೅
) − ∫

ାஶ

ିஶ
|𝐴௧(𝑣 + 𝜔)|ఈ ቚ𝛾௧,்(𝑣 +

௫

ெ೅
)ቚ

ఈ

𝑑𝑚(𝑣 + 𝜔)ቚ 

= ቚ∫
ାஶ

ିஶ
ቀቚΓ௧,௩ାఠ,்(𝑣 +

௫

ெ೅
)ቚ

ఈ

−

ቚ𝛾௧,்(𝑣) +
௫

ெ೅
ቚ

ఈ

ቁ |𝐴௧(𝑣 + 𝜔)|ఈ𝑑𝑚(𝑣 + 𝜔)ቚ 

≤ 2 න
ାஶ

ିஶ

ฬ𝛾௧,்(𝑣 +
𝑥

𝑀்

)ฬ
ఈ/ଶ

|𝑟(𝑡, 𝑣, 𝜔, 𝑥, 𝑇)|ఈ/ଶ|𝐴௧(𝑣

+ 𝜔)|ఈ𝑑𝑚(𝑣 + 𝜔)

+ න
ାஶ

ିஶ

|𝑟(𝑡, 𝑣, 𝜔, 𝑥, 𝑇)|ఈ|𝐴௧(𝑣 + 𝜔)|ఈ𝑑𝑚(𝑣 + 𝜔)

≜ 𝐼ଵ
ᇱ + 𝐼ଶ

ᇱ

where 

𝑟(𝑡, 𝑣, 𝜔, 𝑥, 𝑇) = Γ௧,௩ାఠ,்(𝑣 +
௫

ெ೅
) − 𝛾௧,்(𝑣 +

௫

ெ೅
) (29) 

We know that 

𝐴௧(𝑣 + 𝜔)Γ௧,௩ାఠ,் ൬𝑣 +
𝑥

𝑀்

൰ = 

∫
௧ା்

௧ି்
𝑔ఈ,்(𝑢)𝐴௧ି௨(𝑣 + 𝜔)𝑒

ି௜௨(௩ା
ೣ

ಾ೅
)
𝑑𝑢 = 

∫
௧ା்

௧ି்
∫

ାஶ

ିஶ
𝑔ఈ,்(𝑢)𝑒௜(௧ି௨)థ𝑒

ି௜ (௩ା
ೣ

ಾ೅
)
𝑑𝐾௩ାఠ(𝜙)𝑑𝑢 

=

∫
ାஶ

ିஶ
ቆ∫

௧ା்

௧ି்
𝑔ఈ,்(𝑢)𝑒

ି௜௨൬థା௩ା
ೣ

ಾ೅
൰
𝑑𝑢ቇ 𝑒௜௧థ𝑑𝐾௩ାఠ(𝜙) 

= න
ାஶ

ିஶ

𝛾௧,்(𝜙 + 𝑣 +
𝑥

𝑀்

)𝑒௜௧థ𝑑𝐾௩ାఠ(𝜙), 

using the inequality (15) and the lemma 3 we have 

ቤන
ାஶ

ିஶ

𝛾௧,் ൬𝜙 + 𝑣 +
𝑥

𝑀்

൰ 𝑒௜௧థ𝑑𝐾௩ାఠ(𝜙) − 𝛾௧,்(𝑣

+
𝑥

𝑀்

) න
ାஶ

ିஶ

𝑒௜௧థ𝑑𝐾௩ାఠ(𝜙)ቤ < 𝜀 

then 

ฬ𝐴௧(𝑣 + 𝜔)Γ௧,௩ାఠ,்(𝑣 +
𝑥

𝑀்

) − 𝛾௧,்(𝑣 +
𝑥

𝑀்

)𝐴௧(𝑣 + 𝜔)ฬ

< 𝜀 

ฬΓ௧,௩ାఠ,்(𝑣 +
𝑥

𝑀்

) − 𝛾௧,்(𝑣 +
𝑥

𝑀்

)ฬ <
𝜀

|𝐴௧(𝑣 + 𝜔)|
so 

|𝑟(𝑡, 𝑣, 𝜔, 𝑥, 𝑇)| < 𝜀/|𝐴௧(𝑣 + 𝜔)| (30) 

hence 

|𝐼ଶ
ᇱ | ≤ න

ାஶ

ିஶ

|𝜀|ఈ𝑑𝑚(𝑣 + 𝜔) 

then 

𝐼ଶ
ᇱ = 𝑂(𝜀ఈ).   (31) 

For the first integral 𝐼ଵ
ᇱ , let the set Ω்  be defined by 
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Ω் = ቊ𝑣 ∈ 𝑅; ฬ𝛾௧,்(𝑣 +
𝑥

𝑀்

)ฬ
ఈ/ଶ

|𝐴௧(𝑣 + 𝜔)|ఈ/ଶ ≤ 1ቋ 

from (25) we obtain 

|𝐼ଵ
ᇱ| ≤ |𝜀|ఈ/ଶ ቊන

ஐ೅

𝑑𝑚(𝑣 + 𝜔) 

+ ∫
ஐ೅

೎ ቚ𝛾௧,்(𝑣 +
௫

ெ೅
)ቚ

ఈ/ଶ
|𝐴௧(𝑣 + 𝜔)|ఈ/ଶ𝑑𝑚(𝑣 +

𝜔)ൠ   (32) 

then, from the Cauchy-Schwartz’s inequality the second 
integral is bounded as follows:  

|𝐼ଵ
ᇱ| ≤ |𝜀|ఈ/ଶ ቊන

ାஶ

ିஶ

𝑑𝑚(𝑣 + 𝜔) 

+ න
ஐ೅

೎
ฬ𝛾௧,்(𝑣 +

𝑥

𝑀்

)ฬ
ఈ

𝑑𝑚(𝑣

+ 𝜔) න
ஐ೅

೎
|𝐴௧(𝑣 + 𝜔)|ఈ𝑑𝑚(𝑣 + 𝜔)ቋ. 

The first integral in right side of the above inequality is 
finite since 𝑑𝑚(𝑣) is the evolutionary spectrum at zero 
time. The second integral is finite because |𝐴௧(𝑣 + 𝜔)| ≤

∫
ାஶ

ିஶ
|𝑑𝐾ఠା௩(𝜃)| = 1 and 

න
ஐ೅

೎
ฬ𝛾௧,்(𝑣 +

𝑥

𝑀்

)ฬ
ఈ

𝑑𝑚(𝑣 + 𝜔)

≤ න
ାஶ

ିஶ

ฬ𝛾௧,்(𝑣 +
𝑥

𝑀்

)ฬ
ఈ

𝑑𝑚(𝑣 + 𝜔) 

By change of variable, we obtain 

∫
ାஶ

ିஶ
ห𝛾௧,்(y)ห

ఈ
𝑑𝑚 ቀ𝑦 −

௫

ெ೅
+ 𝜔ቁ=

න
ାஶ

ିஶ

ห𝛾௧,்(𝑦)ห
ఈ

ℎ଴(y −
𝑥

𝑀்

+ 𝜔)𝑑y

≤ supℎ଴(y) ∫
ାஶ

ିஶ
ห𝛾௧,்(y)ห

ఈ
𝑑y

from (13) we conclude that 𝐼ଵ
ᇱ + 𝐼ଶ

ᇱ = 𝑂(𝜀ఈ/ଶ). So we have 

𝜓௧,்(𝜔 −
𝑥

𝑀்

) = න
ାஶ

ିஶ

|𝐴௧(𝑣 + 𝜔)|ఈ ฬ𝛾௧,்(𝑣

+
𝑥

𝑀்

)ฬ
ఈ

𝑑𝑚(𝑣 + 𝜔) + 𝑂(𝜀ఈ/ଶ) 

= ∫
ାஶ

ିஶ
ቚ𝛾௧,்(𝑣 +

௫

ெ೅
)ቚ

ఈ

𝑑𝐻௧(𝑣 + 𝜔) +

𝑂(𝜀ఈ/ଶ) 

= ∫
ାஶ

ିஶ
ቚ𝛾௧,்(𝑣 +

௫

ெ೅
)ቚ

ఈ

ℎ௧(𝑣 + 𝜔)𝑑𝑣 +

𝑂(𝜀ఈ/ଶ). 

Inspired by papers [33]-[37], we assume that bandwidth 

of ℎ௧(𝑣)  is much larger than that of ห𝛾௧,்(𝑣)ห
ఈ

. This

translates to: ห𝛾௧,்(𝑣)ห
ఈ

 is a “pseudo-function δ with

respect to ℎ௧(𝑣)  in order (
஻೒ഀ,೅

஻೉
)),” which implies 

ቤන
ାஶ

ିஶ

ฬ𝛾௧,்(𝑣 +
𝑥

𝑀்

)ฬ
ఈ

ℎ௧(𝑣 + 𝜔)𝑑𝑣 − ℎ௧(𝜔

−
𝑥

𝑀்

) න
ାஶ

ିஶ

ห𝛾௧,்(𝑣)ห
ఈ

𝑑𝑣ቤ <
𝐵௚ഀ,೅

𝐵௑

≤ 𝜀 

so 

ቤ𝜓௧,்(𝜔 −
𝑥

𝑀்

) − ℎ௧(𝜔 −
𝑥

𝑀்

) න
ାஶ

ିஶ

ห𝛾௧,்(𝑣)ห
ఈ

𝑑𝑣ቤ

≤ 𝑐𝑜𝑛𝑠𝑡൫𝜀ఈ/ଶ൯, 

hence 

𝜓௧,்(𝜔 −
𝑥

𝑀்

) = ℎ௧(𝜔 −
𝑥

𝑀்

) න
ାஶ

ିஶ

ห𝛾௧,்(𝑣)ห
ఈ

𝑑𝑣

+ 𝑂൫𝜀ఈ/ଶ൯,

since ℎ௧(. ) is continuous and from (13) we obtain 

 lim
்→ஶ

𝜓௧,் ቀ𝜔 −
௫

ெ೅
ቁ = ℎ௧(𝜔) + ቀ𝜀

ഀ

మቁ   (33)

uniformly in 𝑥. 
Then since  

𝐸[𝑓መ௧,்(𝜔)] = න
ାଵ

ିଵ

𝑊(𝑥) ൤𝜓௧,்(𝜔 −
𝑥

𝑀்

)൨
௣/ఈ

𝑑𝑥, 

we get 

lim
்→ஶ

𝐸[𝑓መ௧,்(𝜔)] = [ℎ௧(𝜔)]௣/ఈ + 𝑂൫𝜀௣/ଶ൯. 

Showing now the consistency of the estimator of 
𝑓መ௧,்(𝜔) . This means that the limit of the variance of 
𝑓መ௧,்(𝜔) goes to zero. 

Theorem 9. 

Let -π < ω < π and 0 < p <
஑

ଶ
, then we have 

lim
୘→ஶ

var[fመ୲,୘(ω)] = O(ε஑) 

Proof : 
The variance can be writing as follows: 

𝑣𝑎𝑟[𝑓መ௧,்(𝜔)]= 

∫ ∫
ାஶ

ିஶ
𝑊்(𝜔 − 𝑢ଵ)𝑊்(𝜔 −

𝑢ଶ)𝐶𝑜𝑣ൣ𝐼መ௧,்(𝑢ଵ), 𝐼መ௧,்(𝑢ଶ)൧𝑑𝑢ଵ𝑑𝑢ଶ (34) 

= න න
ାஶ

ିஶ

(𝑀்)ଶ𝑊൫𝑀்(𝜔 − 𝑢ଵ)൯𝑊(𝑀்(𝜔

− 𝑢ଶ))𝐶𝑜𝑣ൣ𝐼መ௧,்(𝑢ଵ), 𝐼መ௧,்(𝑢ଶ)൧𝑑𝑢ଵ𝑑𝑢ଶ

putting 𝑥௜ = 𝑀்(𝜔 − 𝑢௜) 𝑖 = 1,2 

𝑣𝑎𝑟[𝑓መ௧,்(𝜔)] = න
ାଵ

ିଵ

න
ାଵ

ିଵ

𝑊(𝑥ଵ)𝑊(𝑥ଶ)𝐶𝑜𝑣 ൤𝐼መ௧,்(𝜔

−
𝑥ଵ

𝑀்

), 𝐼መ௧,்(𝜔 −
𝑥ଶ

𝑀்

)൨ 𝑑𝑥ଵ𝑑𝑥ଶ 

We write 

𝑣𝑎𝑟[𝑓መ௧,்(𝜔)] = න න
|௫భି௫మ|ஸఙ೅

+ න න
|௫భି௫మ|வఙ೅

= 𝐽ଵ + 𝐽ଶ 

where 𝜎்  is a strictly positive real sequence which 
converges to zero. Using the Cauchy-Schwarz inequality, 
we increase 𝐽ଵ by:  
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𝑣𝑎𝑟[𝐼መ௧,்(𝜔 −
𝑥

𝑀்

) = 𝑉ఈ,௣ ൤𝜓௧,்(𝜔 −
𝑥

𝑀்

)൨

ଶ௣
ఈ

→ 𝑉ఈ,௣[ℎ௧(𝜔)]
ଶ௣
ఈ

uniformly in |𝑥| ≤ 1, we obtain 

|𝐽ଵ| ≤ 𝑐𝑜𝑛𝑠𝑡[ℎ௧(𝜔)]
మ೛

ഀ 𝜎் . (35) 

On the other hand from (12) and (13) we obtain 

𝐸[𝐼መ௧,்(𝜔 −
𝑥ଵ

𝑀்

)] − 𝐼መ௧,்(𝜔 −
𝑥ଵ

𝑀்

) 

=

ଵ

ி೛,ഀ[஼ഀ]೛/ഀ ∫
ାஶ

ିஶ

ோ௘௘
ష೔೤భ಺೟,೅(ഘష

ೣభ
ಾ೅

)
ି௘

ష|೤భ|ഀ಴ഀഗ೟,೅(ഘష
ೣభ
ಾ೅

)

|௬భ|భశ೛ 𝑑𝑦ଵ. 

Using the fact that cos(𝑥) =
ଵ

ଶ
{𝑒௜௫ + 𝑒ି௜௫}  and the 

proposition 2, we deduce that 

𝑐𝑜𝑣 ቂ𝐼መ௧,்(𝜔 −
௫భ

ெ೅
), 𝐼መ௧,்(𝜔 −

௫మ

ெ೅
)ቃ= 

ଵ

ி೛,ഀ
మ [஼ഀ]మ೛/ഀ ∫

ାஶ

ିஶ
∫

ାஶ

ିஶ

ଵ

|௬భ௬మ|೛శభ ቄ𝐸[∏ଶ
௝ୀଵ cos(𝑦௝𝐼௧,்(𝜔 −

௫ೕ

ெ೅
))] 

− exp − 𝐶ఈ ෍

ଶ

௝ୀଵ

ห𝑦௝ห
ఈ

𝜓௧,்(𝜔 −
𝑥௝

𝑀்

)ቑ 𝑑𝑦ଵ𝑑𝑦ଶ. 

the equality 2cos(𝑎)cos(𝑏) = cos(𝑎 + 𝑏) + cos(𝑎 − 𝑏) 
gives  

𝐸 ቎ෑ

ଶ

௝ୀଵ

cos(𝑦௝𝐼௧,೅
(𝜔 −

𝑥௝

𝑀்

))቏ 

=
1

2
exp − 𝐶ఈ න ቮ෍

ଶ

௝ୀଵ

𝑦௝ න
௧ା்

௧ି்

𝑔ఈ,்(𝜆)𝜑௧ିఒ(𝑣)exp ൤−𝑖{𝜔

−
𝑥௝

𝑀்

}{𝑡 − 𝜆}൨ 𝑑𝜆ቮ

ఈ

𝑑𝑚(𝑣) 

+exp

− 𝐶ఈ න ቮ෍

ଶ

௝ୀଵ

(−1)௝ାଵ𝑦௝ න
௧ା்

௧ି்

𝑔ఈ,்(𝜆)𝜑௧ିఒ(𝑣)exp ൤−𝑖{𝜔

−
𝑥௝

𝑀்

}{𝑡 − 𝜆}൨ 𝑑𝜆ቮ

ఈ

𝑑𝑚(𝑣). 

Putting 𝑦ଶ = −𝑣ଶ, we get 

𝑐𝑜𝑣 ൤𝐼መ௧,்(𝜔 −
𝑥ଵ

𝑀்

), 𝐼መ௧,்(𝜔 −
𝑥ଶ

𝑀்

)൨ 

=
1

𝐹௣,ఈ
ଶ [𝐶ఈ]ଶ௣/ఈ

න
ାஶ

ିஶ

න
ାஶ

ିஶ

{𝑒ି௔ − 𝑒ି௕}
𝑑𝑦ଵ𝑑𝑦ଶ

|𝑦ଵ𝑦ଶ|௣ାଵ

where 

𝑎 = 𝐶ఈ න ቮ෍

ଶ

௝ୀଵ

𝑦௝ න
௧ା்

௧ି்

𝑔ఈ,்(𝜆)𝜑௧ିఒ(𝑣)exp ൤−𝑖{𝜔

−
𝑥௝

𝑀்

}{𝑡 − 𝜆}൨ 𝑑𝜆ቮ

ఈ

𝑑𝑚(𝑣) 

𝑏 = 𝐶ఈ ෍

ଶ

௝ୀଵ

ห𝑦௝ห
ఈ

𝜓௧,் ൬𝜔 −
𝑥௝

𝑀்

൰. 

Since 𝑎  and 𝑏  are positive we use the following 
inequality:  

|𝑒ି௧ − 𝑒ି௥| ≤ 𝑒ି௥|𝑡 − 𝑟|𝑒|௧ି௥| 

Substituting  𝑎 by 𝑡  and 𝑏 by r, we have 

ฬ𝑐𝑜𝑣 ൤𝐼መ௧,் ൬𝜔 −
𝑥ଵ

𝑀்

൰ , 𝐼መ௧,் ൬𝜔 −
𝑥ଶ

𝑀்

൰൨ฬ 

≤
1

𝐹௣,ఈ
ଶ [𝐶ఈ]ଶ௣/ఈ

න
ାஶ

ିஶ

න
ାஶ

ିஶ

|𝑎 − 𝑏|𝑒|௔ି௕|ି௕
𝑑𝑦ଵ𝑑𝑦ଶ

|𝑦ଵ𝑦ଶ|௣ାଵ
. 

Using again the following inequality,  
||𝑥 + 𝑦|ఈ − |𝑥|ఈ − |𝑦|ఈ| ≤ 2|𝑥𝑦|ఈ/ଶ  for 𝑥, 𝑦 ∈ 𝑅  and 

𝛼 ∈ ]0,2], we have  

|𝑎 − 𝑏| ≤ 

2𝐶ఈ|𝑦ଵ𝑦ଶ|
ఈ
ଶ න ෑ

ଶ

௝ୀଵ

ቤන
௧ା்

௧ି்

𝑔ఈ,்(𝜆)𝜑௧ିఒ(𝑣)exp ൤−𝑖{𝜔

−
𝑥௝

𝑀்

}{𝑡 − 𝜆}൨ 𝑑𝜆ቤ

ఈ/ଶ

𝑑𝑚(𝑣) ≤ 

2𝐶ఈ|𝑦ଵ𝑦ଶ|
ఈ
ଶ න ෑ

ଶ

௝ୀଵ

ቤන
௧ା்

௧ି்

𝑔ఈ,்(𝜆)𝐴௧ିఒ(𝑣)exp(𝑖𝑣{𝑡 − 𝜆}) 

exp ൤−𝑖{𝜔 −
𝑥௝

𝑀்

}{𝑡 − 𝜆}൨ 𝑑𝜆ฬ
ఈ/ଶ

𝑑𝑚(𝑣). 

Using (11), (24), (25) and the following inequality , 
|𝑥 + 𝑦|௤ ≤ |𝑥|௤ + |𝑦|௤  for 𝑥, 𝑦 ∈ 𝑅  and 𝑞 ∈ ]0,1] , we 
obtain 

|𝑎 − 𝑏| ≤ 

2𝐶ఈ|𝑦ଵ𝑦ଶ|
ఈ
ଶ න

ାஶ

ିஶ

ෑ

ଶ

௝ୀଵ

൥|𝐴௧(𝑣 + 𝜔)|
ఈ
ଶ ฬ𝛾௧,்(𝑣 +

𝑥௝

𝑀்

)ฬ

ఈ
ଶ

+ 𝜀
ఈ
ଶ൩ 𝑑𝑚(𝑣 + 𝜔)  ≤ 

2𝐶ఈ|𝑦ଵ𝑦ଶ|
ఈ
ଶ න

ାஶ

ିஶ

|𝐴௧(𝑣 + 𝜔)|ఈ ฬ𝛾௧,்(𝑣 +
𝑥ଵ

𝑀்

)ฬ

ఈ
ଶ

ฬ𝛾௧,்(𝑣

+
𝑥ଶ

𝑀்

)ฬ

ఈ
ଶ

𝑑𝑚(𝑣 + 𝜔) 

+2𝐶ఈ|𝑦ଵ𝑦ଶ|
ఈ
ଶ𝜀

ఈ
ଶ න

ାஶ

ିஶ

|𝐴௧(𝑣 + 𝜔)|
ఈ
ଶ ฬ𝛾௧,்(𝑣

+
𝑥ଵ

𝑀்

)ฬ

ఈ
ଶ

𝑑𝑚(𝑣 + 𝜔) 
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+2𝐶ఈ|𝑦ଵ𝑦ଶ|
ఈ
ଶ𝜀

ఈ
ଶ න

ାஶ

ିஶ

|𝐴௧(𝑣 + 𝜔)|
ఈ
ଶ ฬ𝛾௧,்(𝑣

+
𝑥ଶ

𝑀்

)ฬ

ఈ
ଶ

𝑑𝑚(𝑣 + 𝜔) 

+2𝐶ఈ|𝑦ଵ𝑦ଶ|
ഀ

మ𝜀ఈ ∫
ାஶ

ିஶ
𝑑𝑚(𝑣 + 𝜔) 

Now we will assume that 𝑔ఈ,்(𝜆) satisfies 

න
ାஶ

ିஶ

ห𝑔ఈ,்(𝜆)ห𝑑𝜆 ≤ 𝐺ఈ < ∞    for all 𝑇, 

where 𝐺ఈ  is not dependent to 𝑇.  
The the Fourier transform of 𝑔ఈ,்(𝜆), 𝛾௧,்(𝑣),  is called 

“transfer function”. If the precedent inequality holds this 
ensures that 𝛾௧,்(𝑣) is bounded independently of 𝑇. Since 

ቚ𝐴௧ିఒି௨ೕ
(𝑣)ቚ is bounded by 1 then

|𝑎 − 𝑏| ≤ 2𝐶ఈ|𝑦ଵ𝑦ଶ|
ఈ
ଶsup(ℎ଴)(𝐺ఈ)

ఈ
ଶ න

ାஶ

ିஶ

ห𝛾௧,்(𝑣)ห
ఈ
ଶ𝑑𝑣 

+2𝐶ఈ|𝑦ଵ𝑦ଶ|
ഀ

మ𝜀
ഀ

మsup(ℎ଴) ∫
ାஶ

ିஶ
ห𝛾௧,்(𝑣)ห

ഀ

మ𝑑𝑣 

+2𝐶ఈ|𝑦ଵ𝑦ଶ|
ഀ

మ𝜀
ഀ

మsup(ℎ଴) ∫
ାஶ

ିஶ
ห𝛾௧,்(𝑣)ห

ഀ

మ𝑑𝑣 

+2𝐶ఈ|𝑦ଵ𝑦ଶ|
ഀ

మ𝜀ఈ ∫
ାஶ

ିஶ
𝑑𝑚(𝑣 + 𝜔) 

Putting 𝐿் = ∫
ାஶ

ିஶ
ห𝛾௧,்(𝑣ᇱ)ห

ഀ

మ𝑑𝑣ᇱ,  𝐶 = ∫
ାஶ

ିஶ
𝑑𝑚(𝑣 +

𝜔)  and the use of the inequality 2|𝑠𝑡|ఈ/ଶ ≤ |𝑠|ఈ + |𝑡|ఈ 
gives 

|𝑎 − 𝑏| − 𝑏 ≤ −𝐶ఈ ෍

ଶ

௝ୀଵ

ห𝑦௝ห
ఈ

൜𝜓்,௧(𝜔 −
𝑥௝

𝑀்

) 

− ቀ(𝐺ఈ)
ఈ
ଶsup(ℎ଴)𝐿் + 2𝜀

ఈ
ଶsup(ℎ଴)𝐿் + 𝜀ఈ𝐶ቁቅ 

which imply that 

ฬ𝑐𝑜𝑣 ൤𝐼መ௧,்(𝜔 −
𝑥ଵ

𝑀்
), 𝐼መ௧,்(𝜔 −

𝑥ଶ

𝑀்
)൨ฬ ≤ 

ଵ

ி೛,ഀ
మ [஼ഀ]మ೛/ഀ ∫

ାஶ

ିஶ
∫

ାஶ

ିஶ
2𝐶ఈ ቀ(𝐺ఈ)

ഀ

మsup(ℎ଴)𝐿் + 2𝜀
ഀ

మsup(ℎ଴)𝐿் +

𝜀ఈ𝐶ቁ ∗ 

exp ቎−𝐶ఈ ෍

ଶ

௝ୀଵ

ห𝑦௝ห
ఈ

൬𝜓்,௧(𝜔 −
𝑥௝

𝑀்
) − (𝐺ఈ)

ఈ
ଶsup(ℎ଴)𝐿்

− 2𝜀
ఈ
ଶsup(ℎ଴)𝐿் − 𝜀ఈ𝐶൰቏

𝑑𝑦ଵ𝑑𝑦ଶ

|𝑦ଵ𝑦ଶ|௣ାଵି
ఈ
ଶ

≤
2𝐶ఈ ቀ(𝐺ఈ)

ఈ
ଶ sup(ℎ଴) 𝐿் + 2𝜀

ఈ
ଶ sup(ℎ଴) 𝐿் + 𝜀ఈ𝐶ቁ

𝐹௣,ఈ
ଶ [𝐶ఈ]

ଶ௣
ఈ

ෑ

ଶ

௝ୀଵ

න
ାஶ

ିஶ

exp ൤−𝐶ఈห𝑦௝ห
ఈ

Δ்,௧(𝜔 −
𝑥௝

𝑀்
)൨

𝑑𝑦௝

ห𝑦௝ห
௣ାଵି

ఈ
ଶ

, 

where 

Δ்,௧ ൬𝜔 −
𝑥௝

𝑀்

൰ = 

𝜓்,௧(𝜔 −
௫ೕ

ெ೅
) − (𝐺ఈ)

ഀ

మsup(ℎ଴)𝐿் − 2𝜀
ഀ

మsup(ℎ଴)𝐿் − 𝜀ఈ𝐶 (36) 

Putting 𝑧௝ = 𝑦௝[Δ்,௧(𝜔 −
௫ೕ

ெ೅
)]

భ

ഀ, we obtain 

ฬ𝑐𝑜𝑣 ൤𝐼መ௧,் ൬𝜔 −
𝑥ଵ

𝑀்
൰ , 𝐼መ௧,் ൬𝜔 −

𝑥ଶ

𝑀்
൰൨ฬ ≤ 

2𝐶ఈ ቀ(𝐺ఈ)
ఈ
ଶsup(ℎ଴)𝐿் + 2𝜀

ఈ
ଶsup(ℎ଴)𝐿் + 𝜀ఈ𝐶ቁ

𝐹௣,ఈ
ଶ [𝐶ఈ]ଶ௣/ఈ

× ෑ

ଶ

௝ୀଵ

න
ାஶ

ିஶ

exp[−𝐶ఈห𝑧௝ห
ఈ

]

ห𝑧௝ห
௣ାଵି

ఈ
ଶ

൜[Δ்,௧(𝜔 −
𝑥௝

𝑀்
)]

ଵ
ఈൠ

௣ାଵି
ఈ
ଶ

𝑑𝑧௝

[Δ்,௧(𝜔 −
𝑥௝

𝑀்
)]

ଵ
ఈ

≤ 

ଶ஼ഀቆ(ீഀ)
ഀ
మ ୱ୳୮(௛బ)௅೅ାଶఌ

ഀ
మ ୱ୳୮(௛బ)௅೅ାఌഀ஼ቇி೛,ഀ

షమ[஼ഀ]
ష

మ೛
ഀ

[୼೅,೟(ఠି
ೣభ
ಾ೅

)୼೅,೟(ఠି
ೣమ
ಾ೅

)]
భ
మ

ష
೛
ഀ

x 

ෑ

ଶ

௝ୀଵ

න
ାஶ

ିஶ

exp(−𝐶ఈห𝑧௝ห
ఈ

)

ห𝑧௝ห
௣ାଵି

ఈ
ଶ

𝑑𝑧௝ . 

Since lim
்→ஶ

𝜓்,௧(𝜔 −
௫ೕ

ெ೅
) = ℎ௧(𝜔) + 𝑂൫𝜀ఈ/ଶ൯ and using 

the condition (13), we have 

lim
்→ஶ

Δ்,௧(𝜔 −
௫ೕ

ெ೅
) = ℎ௧(𝜔) + 𝑂൫𝜀ఈ/ଶ൯. 

Since the integral ∫
ାஶ

ିஶ

ୣ୶୮ቀି஼ഀห௭ೕห
ഀ

ቁ

ห௭ೕห
೛శభష

ഀ
మ

𝑑𝑧௝  is finite, we 

obtain 

lim
்→ஶ

𝑐𝑜𝑣 ቂ𝐼መ௧,் ቀ𝜔 −
௫భ

ெ೅
ቁ , 𝐼መ௧,் ቀ𝜔 −

௫మ

ெ೅
ቁቃ =

𝑂(𝜀ఈ)uniformly in  𝑥ଵ, 𝑥ଶ. 

Thus  

𝐽ଶ = 𝑂(𝜀ఈ) 

From (29), we obtain that  

lim
்→ஶ

𝑣𝑎𝑟[𝑓መ௧,்(𝜔)] = 𝑂(𝜀ఈ) 

Let 𝜔 belong to ]−𝜋, 𝜋[ then we have 

lim
்→ஶ

𝐸[𝑓መ௧,்(𝜔) − (ℎ௧(𝜔))௣/ఈ]ଶ = 𝑂(𝜀௣) 

In order to apply the results which had seen, we must 
write  

𝐸[𝑓መ௧,்(𝜔) − (ℎ௧(𝜔))
௣
ఈ]ଶ

= ൣ𝐸[𝑓መ௧,்(𝜔)] − (ℎ௧(𝜔))௣/ఈ൧
ଶ

+ 𝑣𝑎𝑟[𝑓መ௧,்(𝜔)].

From proposition 1, theorems 5 and 8, we obtain 

lim
்→ஶ

𝐸[𝑓መ௧,்(𝜔) − (ℎ௧(𝜔))௣/ఈ]ଶ = 𝑂(𝜀௣). 

Let 𝜔  belong to ]−𝜋, 𝜋[ , then ൛𝑓መ௧,்(𝜔)ൟ
ഀ

೛ converge in 
probability to ℎ௧(𝜔).  

Using the following inequality: |𝑦௤ − 𝑥௤| ≤
௤

ଶ
|𝑦 −

𝑥|(𝑦௤ିଵ + 𝑥௤ିଵ), for all 𝑥, 𝑦 ∈ 𝑅ା and 𝑞 > 2, we obtain 

ฬ൛𝑓መ௧,்(𝜔)ൟ
ఈ
௣ − ℎ௧(𝜔)ฬ ≤ 

𝛼

2𝑝
ቚ𝑓መ௧,்(𝜔) − ℎ௧(𝜔)

௣
ఈቚ × อ൛𝑓መ௧,்(𝜔)ൟ

ఈ
௣

ିଵ
+ ቄℎ௧(𝜔)

௣
ఈቅ

ఈ
௣

ିଵ

อ 
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≤
ఈ

ଶ௣
ቚ𝑓መ௧,்(𝜔) − ℎ௧(𝜔)

೛

ഀቚ ×

ቤ൛𝑓መ௧,்(𝜔)ൟ
ഀ

೛
ିଵ

− ቄℎ௧(𝜔)
೛

ഀቅ

ഀ

೛
ିଵ

+ 2 ቄℎ௧(𝜔)
೛

ഀቅ

ഀ

೛
ିଵ

ቤ 

≤
ఈ

ଶ௣
ቚ𝑓መ௧,்(𝜔) − ℎ௧(𝜔)

೛

ഀቚ ×

ቤ൛𝑓መ௧,்(𝜔)ൟ
ഀ

೛
ିଵ

− ቄℎ௧(𝜔)
೛

ഀቅ

ഀ

೛
ିଵ

ቤ 

+
ఈ

௣
ቚ𝑓መ௧,்(𝜔) − ℎ௧(𝜔)

೛

ഀቚ ቤቄℎ௧(𝜔)
೛

ഀቅ

ഀ

೛
ିଵ

ቤ. 

Since 𝑓መ௧,்(𝜔)  converges to ℎ௧(𝜔)
೛
ഀ  in L  ଶ  we deduct 

that 𝑓መ௧,்(𝜔)  converge to ℎ௧(𝜔) 
೛
ഀ  in probability. The 

function 𝑢 → 𝑢௤ିଵ  is convex, so ൫𝑓መ௧,்(𝜔)൯
௤ିଵ

 converges

to ൬ℎ௧(𝜔) 
೛
ഀ൰

௤ିଵ

 in probability. Using the fact that ℎ௧  is 

bounded we have 

𝑃 ൤ฬ൛𝑓መ௧,்(𝜔)ൟ
ఈ
௣ − ℎ௧(𝜔)ฬ > 𝜀ᇱ൨ ≤ 

𝑃 ቎
𝛼

2𝑝
ቚ𝑓መ௧,்(𝜔) − ℎ௧(𝜔)

௣
ఈቚ > ቆ

𝜀ᇱ

2
ቇ

ଵ
ଶ

቏ + 

𝑃 ቎อ൛𝑓መ௧,்(𝜔)ൟ
ఈ
௣

ିଵ
− ቄℎ௧(𝜔)

௣
ఈቅ

ఈ
௣

ିଵ

อ > ቆ
𝜀ᇱ

2
ቇ

ଵ
ଶ

቏ 

𝑃 ൥
𝛼

𝑝
ቚ𝑓መ௧,்(𝜔) − ℎ௧(𝜔)

௣
ఈቚ อsup

ఠ
ቄℎ௧(𝜔)

௣
ఈቅ

ఈ
௣

ିଵ

อ >
𝜀ᇱ

2
൩ 

for all 𝜀ᇱ > 0, which implies the result of this theorem. 

IV. CONCLUSION

This article focuses on the estimation of the evolving 
spectral density when the process studied has infinite 
variance, in particular when it is alpha symmetric stable. 
The applications of this kind of process are numerous, in 
particular for random phenomena whose observations 
form a large fluctuation. For example: 

 In the study of music, to isolate the sound of an
instrument among others. The audio signal would
be tainted by background noise with a very large
fluctuation.

 The movement of sea waves constitutes a
phenomenon whose variance is very large. The
distribution of its energy could be estimated by an
evolving spectral density.

This work can be completed by the study of the 
optimization of the smoothing parameter which will allow 
an optimal improvement of the convergence rate of the 
proposed estimator. 
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