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Abstract—Results on realization theory of dynamic linear
systems with lags are obtained through Laurent series
expansions. The results are related to controllability and
observability properties as well as to mismatching among a
real transfer matrix and its nominal version For this
purpose, an infinite polynomial block Hankel matrix and
associate T -finite polynomial block matrices are defined in

order to relate the spectral controllability and observability
properties of minimal realizations with the minimum
feasible finite rank of such a Hankel matrix.

Index Terms—realization theory, Hankel matrices, delays

I.  INTRODUCTION

The minimal realization problem of dynamic linear
time-invariant delay-free systems is to find a linear state-
space description of the minimal possible dimension
whose associate transfer matrix exactly matches a proper
predefined rational matrix in K ""(s) over a field K.

Any proper(i.e. realizable) rational transfer matrix
G(s)e K™™(s) can be expanded in a formal Laurent

series at oo resulting in the formal identity
G(g):iHis-‘ C {Hibiew (often denoted as
i=0 0

{H i};;) being an infinite sequence of matrices which
are the block matrices of the infinite block Hankel matrix,
with N,=Nu{0} and N being the set of the natural

numbers. The minimal realization problem in the delay-
free case may be focused on as finding a state-space

realization (A,B,C,D), with AeR"", BeR"™",
CeRP™and DeRP*™, of order ne N being minimal

(i.e. as small as possible) so that given the infinite
sequence {Hi EKPX"‘}Fj , verifies the identity

G(s):iHis-‘zc(sl—A)-lmD so  that
i=0

H,=D and H,=CA''B, ieN . The classical
related problem was firstly formulated by Kalman, [1],
[2], for the single-input single-output case. The minimal

partial realization problem of any approximation T is
formulated as follows: Given a finite given sequence
{Hi erX”‘}g , some zeN , satisfying H =D ,

H =CA''B, Vier:={1,2,...,7}, it exists a
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quadruple (A,B,C,D), with AeR"™™", BeR™",
CeRP" and De RP*™, of minimal order neN (the
order of A) such that

C(sI-A)*B+D=YH;s " +0(s ") B
i=0
This formalism is extended to the presence of delays.

Il. DESCRIPTIONS OF THE SYSTEMS

Consider the linear time-invariant dynamic system in
state-space form:

x(t):i Aix(t—hi)+qz B, u(t—h?) (1)

y(t)=Cx(t)+ Du(t) (2)

where x:R xR"—>XcR", R, xR™>YcR"
and y:R,xRP —»>YcRP are the state, input and
output vector functions in their respective state, input and
output spaces x U and Y, R _:={zeR:z>0} ,
h,=h,=0 and h, e R, (ieq:=1{1,2,...q}) .
h,eR, (ieﬁ 'j are the internal and external point, in

general, incommensurate delays; i.e. h; and h; are not
necessarily equal to ih, and jhb(i eq,jeq ) some hy>0,
hy>0, A, eR™ (ieg U{0}) ,
B,eR™™ (ieg U{0}), CeR™" and DeR™ " are
matrices of real entries which parameterize the system.
The dynamic system is subject to initial conditions
@:[-h,0]>R" , where h:=Max(h,) being

ieq
piecewise  continuous  possibly  with  bounded
discontinuities on a subset of zero measure of its
definition domain. By taking right Laplace transforms in

the state-space description with @ =0, a transfer matrix
exists defined by:

G(s)::Y(S)—{ Lap+(y(t))} o

U(s) LLap, (u(t))

:C{Sl n— %Aie_hisJ_l{ qz:Bie_hi'sJ+D (3)
. i=o

i=0

where  V(s):=Lap, (v(t)) is the right Laplace
transform of v: R — R ® provided it exists. Note that G(s)
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is a complex matrix function in C™™ in the complex
indeterminate s whose (i, j)- th entry is:

ciTAdj[sIn—Zq:Aie““](ib,jehzsj

Gij(s): - p = +D
Det(sln—z Aie“ksj
k=0
(4)
where Adj (.) and Det(.) stand for the adjoint matrix and

determinant of the (.)-matrix, respectively, and CT nd
b, belng the i-th row of C ( ep)and j-th column of

B, (feq u{O}), respectively. Define complex

(Q+q )and (Q+q )tuples
z :(ZI'ZE):(Zl' ""ZQ’Zq+1’Zq+q»)eC‘”q/
Z =(2I,2E)z(zl"""zq’thlvz[,Hq')GCquq/(S)

Then, RP™ (s, z), the space of realizable (i.e. proper)
rational transfer p>m matrices of real coefficients in the
complex (§+G +1)- tuple (s,2) (of numerator and
denominator being, respectively, a quasi-polynomial
matrix and a quasi-polynomial), is isomorphic (in the
sequel denoted with the symbol “~”) to RP*™ (S) S0
that there is a natural bijection between each entry
G, (s)and

)

o\ Nij(s.7)
Gii(s2)=5 7
N q+§ -
2 Ni s 2,
_ k=0 i=0 )

anzq:Mkéskif
k=0 /=0

I1l.  MINIMAL REALIZATIONS AND FORMAL SERIES
DESCRIPTIONS

Note that the numerator and denominator of G ij(s, 2)

are, respectively, in the polynomial rings R”™ [s, 2 ] and

R [s, 2] generated by (s, 2). By using a formal Laurent

series expansion at oo in the variable s of the form

”:§H42p4 with H,(2)eR™"[2], it

follows that R™*™ (s,2)~R™™[[s]] [2 ] (the ring
of formal Laurent power series with matrices over R P<™
at oo in the polynomial multiple indeterminate defined

by the components of the Z - tuple). Note that the formal
series ring R™™ [[s]][2] is the completion of the
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polynomial matrix ring R*" [s][2] ( =R"™[s,2])
with respect to the I- adic topology where | is the ideal of
the polynomial matrix ring R ™ [s] [2 | generated by

the indeterminate complex (q +4 'Jrlj tuple (s, 2).

Theorem 1: The following properties hold for any
positive integers p, m and n:

0 R™[e"stiequio}] ~R™[2']

R”Xm{ehis:ieq'u{o}}zR”xm[zE]
(i) R"™ (5,2)~ R™ [[s]] [2]~R"" [s,2]
(i) R™™[s][z] is a dense subspace of

R™™[[s]] [2]. which is a complete topological ring,

Wlth respect to the I-adic topology where 1 is the ideal of
the ring R™™ [s] [z ] generated by the indeterminate

complex (q +4 11) tuple (s, 2).

From Theorem 1 (i), the following bijections may be
established:

s Alz ')::i AzleR™[z'] ()

i=0 i=0

o Alz E)::Zq: A, zFeR™" [z'](g)

So that the controllability and observability matrices of
the n-th realization (1)-(2) result to be:

Co(A(2).B(2))= Cq(A(2').B(2%))
:=(B(zE),A(z')B( £)an iz )e(z )
(z')
(z')

0,(C.A(z))=0,(c Az

=(cT,AT(z! )
In R™(™[z] and RPC+™[32] , respectively.

Define the following controllability and observability
testing sets s. (h) and S, (h) respectively,

depending of the real (q + q ') -tuple of delays
(hl h,...h s q+1 hl’ hq+2 hy, ... hq+q’:h;')ERi+q/
(the closed first orthant in R 9+9") and the associated sets

of delays H,, and H,, where controllability and,
respectively, observability are lost:

B
)
LA™Y (zY)C

HANC)

—h;s

Scn(h):z{z:(zl,zz,...,zq)qu*q/:zi:\ Z;| .o =0
In|z,|

tg( @ .
oc=— R, 0. = g( ')

rank[CH(A(z'),B(zE))J<n}

S, (h)::{z:(zl,zz,...,zq)qu:zi:\zi\ Lo=e ",

n

eR,Vieq+q’,

0)0:% eR,Viea‘
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rank[OH(C,A(z' ))}<n}
Huc::{hequq/:SCn(h)q:@}
Hoi={heR s, (h)2o | (10)

If the full rank property in the above polynomial
matrices are lost for some h such that the respective
testing set is empty then controllability ( respectively,
observability) in a ring hold for the corresponding set of
delays. If the sets s. (h) respectively, Son(h) are

empty for any he quq' then the system is controllable
(respectively, observable) in a ring independent of the
delays. Note directly that:
heH, oS (h)=g
Sc (h)=2,VheR" & H =0

And similar assertions are applicable to the sets
S, (h) and H, .

Theorem 2: The following properties hold:

(i) The state space realization is spectrally controllable
for some given he R j*q' in the first orthant if and only
if

9 q -
rank{sl > A" Y Bie " }:n, VseC:
i=0

i=0

(if) The state space realization system) is spectrally
observable if and only if

q “hs
rank{sln—ZATie i ,CT:|:I’1,‘V’S€C'
i=0

(iii) The state-space realization (1)-(2) is minimal of
order n if and only if it is spectrally controllable and
spectrally observable; i.e.

g O —h"
rank[sln—z Aje Mis yB.e 's]
i=0 i=0

q ~h
{sln—z AT e 'S,cT}n,vSecal)
iZo i

Both full rank conditions hold simultaneously then the
state-space realization (1)-(2) is minimal and the converse
is also true.

(iv) The state space realization is controllable in a ring

independent of the delays (i.e. for anyheRi“") if
rank[Cn(A(z), B(z))]:n, Vv zeC9%% while the

converse is not true in general. The state space realization
(1)-(2) is observable in a ring independent of the delays if

rank [ O,(C,A(z)) ] =n, VzeC" and the

converse is not true. The state-space realization is
minimal of order n independent of the delays if:

rank [C,(A(z),B(z))]=rank [O,(C,A(z))]=n .
v ze C9® while the converse is not true in general.

©2014 Engineering and Technology Publishing

(v) The state space realization is controllable
(respectively, observable) in a ring independent of the
delays if and only if S. (h)=0 for any herato

(respectively, Son(h):@ for any heR j*q/). The state
space realization (1)-(2) is minimal if and only if
Scn(h)zso"(h):® for any heR 9*9 ; i.e. if and only
if it is both controllable and observable in a ring
independent of the delays.

(vi) The state space realization is controllable
(respectively, observable) in a ring for any given

heR ™ if and only if s_ (h)=g (respectively,
S, (h ):@). The state space realization is minimal if and
only if S (h):so (h):®: i.e. if and only if it is both

controllable and observable in a ring.

(vii) The state space realization is controllable
(respectively, observable) in a ring either dependent on
heR 171 ~ or independent of the delays if and only if it is
spectrally  controllable (respectively, spectrally
observable) either dependent on or independent of the
delays.

(viii) The state space realization of (1)-(2) is
controllable  (respectively, observable) in a ring
independent of the delays, and equivalently spectrally
controllable  (respectively,  spectrally  observable)
independent of the delays if and only if H =@

(respectively, H,,=9).

The state space realization (1)-(2) is minimal
independent of the delays of order n if and only if
H ,UH ,,=d;ie ifand only if it is both controllable
and observable in a ring independent of the delays. The
state space realization of (1)-(2) is spectrally
uncontrollable (respectively, spectrally unobservable) for

a given he ij' if and only if heH,_ (respectively,
heH ,,) and, equivalently, if and only if scn(h);t@
(respectively, S n (h)=@).

Now, consider the sequence H®(2):={H,(2)}:
with 1 e N which defines the t - finite block complex
Hankel matrix:

H(i,t+1-i,2)):=|
H,(2)

cofee] . car kol

Tlearthele®) L ocartf)ales)

For t=o00 , the infinite Hankel block matrix is
H(2):=Block Matrix( H ., (2)) . The

i,jeN
subsequent technical result holds where the generic rank
(denoted as gen rank) of the (.) — polynomial matrix (.) is
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its maximum rank reached on the overall set of values of
its argument. Note that there is a natural surjective
mapping C%*% — %% which maps each argument z
into one corresponding Z (z), it is irrelevant to replace the
argument Z by its pre-image z in all the subsequent
notations and related discussions about controllability/
observability in the appropriate rings of polynomials,
quasi-polynomials or series. Therefore, both arguments z
and Z are used indistinctly where appropriate according
to convenience for clarity.

Lemma 1: The following properties hold independent
of the delays:

(i)
H(it+1-i,2)=0,(C, Az')) c ., (A(z'), B(z%)).
V2eCi,

(i) rank[H(i, t+1-1i,2)]<Min(i,t+1-i,n)
V2eCo,

(iii) rank [H(i, t+1—i,2)]<n, for any t,ieN with
>n+i-1,i=n, ¥2eC99  where n is the order of
the state-space realization.

(iv)
rank [H g (2)]< gen rank
r2n+i-1izn ,zec @+

gen rank [H(i,z+1-i,7)]<n;
ren+i-1,izn ,2ecd+d

Vv 2 eC4+% . Lemma 1 establishes that the rank of a T -

finite or infinite block Hankel matrix is always finite and
it cannot exceed the order of given state-space realization.

Theorem 3: Consider two state-space realizations of
the transfer matrix

R::(AO,Ai (ieq),Bo,Bj(jeﬁ'),C, D)
R:=(Ro A (i€q).B0.8;(ica)).
C,D=D) (13)

of respective orders n (minimal) and n>n. Then, the
following properties hold independent of the delays:

(i) n< gen rank |As(2)]
r>N+i-1,i=n ,26Cq+q
< gen rank [A(i,r+1-i,7)] <m

r>A+i-1,izn ,7ec 4td

Min genrank [ﬁ(i,u—l—i,i}], <n

r2n+i-1izn , feSc (h)

genrank
r2n+i-1,i2n , ie Soﬁ(h)

_genrank [Or (A(z"), E(ZE))]J<

t2n, 2e Sy (h)

[nu,w-i,zn]

ngMin[ gen rank [C‘(K(z')‘ E(ZE))], n
T2n, 2e Sc(h)

’ Vhequ

(i) gen rank '[H(i,r+1—i,2)]

t=n+i-1,izneN, 2ec 44

genrark _|c. (a(z'). &(z®))]

an,iqu+

govarc_[o,c. ale' JJ-n @0

r>n, ;ecd+d
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(iii) None of the conditions below can hold for a
complex function z: CxR%"%— C9 % defined by

2(s,h)=(2"(s,h),2E(s,h))
(e‘hls,...,e‘h ,...,e_hqu (15)

associated with internal and external delays h,(ieq),
hoy=h;(ied?).
rank [H(2)]<n

s —hgs

q’e

rank[H(i, t+1-1i,2)] <n
forany t(>n+i-1), i(>n)eN
rank [CT (A(z'), B(ZE))]<n , Vr(Zn)eN

rank [0, (C, A(z'))]<n, vz(=n)eN (16)

IV. SYNTHESIS OF MINIMAL REALIZATIONS

The problems of synthesis of a minimal realization, or
a minimal partial realization, is formulated in terms of
finding a state-space realization such that it matches a
certain transfer matrix which is formally identical to a
series Laurent expansion at oo . Thus, given the sequence
|-|f(z);:{|-|i(2)}gJ with t(<w)eN , find matrices
A,eR™ (iequ{0}) . B,eR"™™ (ieq u{0}) .
CeRP*" provided they exist such that the following
matching condition holds independent of the delays either
for vteN (minimal synthesis problem) or for some

finite e N ( minimal partial realization problem):

G(s,i):=C[ Jl

3 . E _T e i -7-1
Bog+YB;z5|+D=>H;s ' +0{s a7)
i=1 i=0

q
sl—Ag—-> A;z!
i=1

where
G(s,2)eRP*M(s,2)

R [s)][zh S Hi(2)s o

Such that n is as small as possible. If the minimal
(respectively, partial minimal) realization synthesis
problem is solvable (i.e. it has a solution) then by making

—h; ~h's . .
the changes z, =e™"*, z, ;=e (leq,Jeﬁ’)’ ’
state-space realization is obtained so that the above
description holds for teN ( respectively, for some

natural number t <oo). If the problem is solvable then

there are infinitely many minimal (respectively, partial
minimal) realizations satisfying it since any nonsingular
state transformation preserves the transfer matrix. In the
following, the result that the McMillan degree (denoted
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by ) of a rational transfer matrix coincides with that the
rank of the infinite associated block Hankel matrix for
5eC% 9 (which is also called the McMillan degree of

this one) is extended from the delay-free case.
Theorem 4: The following properties hold:
() The McMillan degree n=p(G(s,h)) of the

transfer matrix G(s,h) is the unique order of any
minimal realization of G(s,h) and satisfies the
constraints below for any set of delays being components
of some given heR j”/ :

%> n(h)=u(G(s,h))
<Hf<z>>j

> rank H(i, j,z)- D rank H(i,j,z):zeScl(h)uSOV(h)]

i+jmt+l [

=Max( n
€N zesc (h)usg, (h)

:Max[
teN

= Max

T zesc (h)US, (h)

(rank H(i,j,z):n<ieN,i+n-1<teN)

(19)

(i) The state space dimension n _(h)( te N) of any
minimal partial realization satisfies
©>n. (h)

:Max( . (H(i,r+1—i,z)):ierJ (20)
TeN | zes¢ (h)use, (h)

n_(h)=n(h) and then the minimal partial realization
is a minimal realization for all 1(21 o )e N and
sufficiently large finite ¢ j e N with

n.(h)=n_(h)=n(h)
(I’ankH(i,rJrlfi,Z):rosieN,iJr‘rOflSr EN)
(21)

(iii) Redefine by simplicity the delays according to
he=h, (ieq/). Define h® =0 and let h® be defined

with h, =0 and h,=0(j=i) for (ic q+q’). Assume
that n(h'°)=n,, =n, (some constant n in N), Vieq,

= Min
zeSCm(h)uSOw(h

where
n,o:zMiﬂ[ > rank H(i, ja;)- ZrankH(i,j,a,)}
TOER ijeri 4l i+i=1i0
—Min[ > rank H(i,j,a;)- ZrankH(i,j,ai)J
To€ i+j=to+1 i+j=1t,

(22)
with o, eC*® having the i-th component distinct
from unity and the remaining ones being unity, h ' is an

associate (q+q )- tuple of delays in R "% with only the
i-th component being nonzero and A, =0, with the
remaining ones being zero and
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To;zMax(Tio:ie q+q ) Then, the order for any
minimal realization independent of the delays is:

n:n(h):n(hio):nozro

gen rank

= Max H(i+/-1,7+/0-i,2)
7(270)eN| zes¢_(h)uso, (h)

(23)

VheRi*q'and all the matrices defining the state-

space realization are independent of the delays.
Theorem 5: Consider the transfer matrix:

. ~ q g
G(s,ﬁ,pl,pz,ﬂ,h )—plc[sl I Aiehise"hs]"l
i=0

q
[ szBie_hise_hsJ+ﬂD (24)
i=0

Parameterized in the sextuple of real scalars
p:=(8.p,.p,, A 0,7, which models a perturbation
of a nominal transfer matrix:

G(s.6,p1.p2.4.0 )=

C(sln— i Aie_his]_l[ qZ Bie_hisJ+D (25)
i=0 i=0

Parameterized by p,:=(1,1,1,1,0,0) and assume

that the denominator quasi-polynomial and all the
numerator quasi-polynomials possess principal term. If
the realization is minimal then a minimal realization of
the same order n is given by the original proposed one
with  the  parametrical changes C-—»p,C

A, —>38A, (iequi0}), B,—>p,A,, D>AD and
h,—>h,+h . h,—>h+h
(iegu{o},jeg ufo}) for any finite delay
perturbations h and h ~and for any real 5, if and only if

delay changes

p1p25¢0-
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